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In this paper, we establish a Green-function based theoretical model for evaluating solid multi-
layered spherical samples which are illuminated by a frequency modulated incident beam. The
specific Green function for the multi-layered spherical structure is derived and an analytical
expression for the thermal-wave field in such a spherical sample is presented. The characteristics of
the thermal-wave field with respect to the thermophysical, geometrical, and measurement
parameters are presented. Unlike the quadruple method, the Green function method is capable of
evaluating thermal-wave fields at any point of multi-layered structures with arbitrary intensity
distributions of incident laser beams. Furthermore, experimental validation is also presented in the
form of experimental results with steel spheres of various diameters. © 2012 American Institute of

Physics. [http://dx.doi.org/10.1063/1.4743011]

. INTRODUCTION

Photothermal techniques have been established as a
powerful tool for the thermophysical characterization and
nondestructive evaluation (NDE) of a wide variety of materi-
als.'™ Photothermal radiometry is based on the generation
and detection of oscillating thermal infrared emission of a
sample as a result of absorption and nonradiative conversion
of an intensity modulated incident laser beam, in which
infrared emission from the material can be quantitatively
evaluated by the Stefan—Boltzmann law. For decades,
research in photothermal techniques has been restricted to
samples with flat surfaces. With the increasing applications
of photothermal radiometry (PTR) to nondestructive evalua-
tion of industrially manufactured products, requirements for
characterization of samples with curvature, such as cylinders
and spheres, have made it necessary to consider the formula-
tion of thermal-wave fields in curvilinear coordinate systems.
Recently, significant progress has been made on studies of
samples with curved surfaces. Wang et al. investigated both
theoretically and experimentally cylindrical and spherical
samples®'® by the Green function method which is a well
known formalism for solving boundary-value problems,
including thermal-wave fields in diverse geometries. The
thermal-wave field of a sample with incident light of arbi-
trary angular and/or radial intensity distribution can be
obtained once the Green function is determined for a specific
geometry. In parallel, Salazar et al. developed a technique
for characterizing the thermal-wave fields of multi-layered
cylindrical and spherical samples using the quadrupole
method,'' ™3 in which a linear relation between temperature
and incident heat flux at the outer and inner surfaces of the
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sample is used to derive the thermal-wave fields of layered
structures. The quadrupole method, however, is limited to
samples with cylindrical or spherical symmetry and can only
calculate the temperature on the sample surface, which
sometimes limits the general applicability of the theoretical
model. In this paper, we develop a theoretical model for
characterizing solid multi-layered spherical samples using
the Green function method. We first develop the thermal-
wave Green function for the multi-layered geometry, and
then we present an analytical expression for the thermal-
wave field in such a spherical solid. The earlier theoretical
models®>!'!" for two-layer or homogeneous spheres have
been used to demonstrate the validity of this multi-layered
model in the limit of two-layers. Finally, experimental vali-
dation is presented in which two spheres of different diame-
ters are measured and fitted to the theoretical model. In
contrast to the inverse-problem method, a “forward” data-
fitting process'* is employed to reconstruct the depth profile
of the thermophysical parameter. The experimental results
show good agreement with the theoretical model.

Il. THEORY

The thermal-wave field of a multi-layered spherical
solid with outer radius ry and inner radii ry_1,7N_2,...,71,
(b=ry>ry-1>ry-2>--->r =a) can be derived by
the Green function method. The geometry and the coordinates
of the boundary-value problem are shown in Figure 1. The
thermal conductivity and diffusivity of regions 1 and 2,..., N
are denoted with (ky,0q) and (kp,00),....(ky,on), respec-
tively. The exciting laser beam, which is of circular symmetry
with respect to the z axis and subtends an angle 2/, Figure 1,
impinges on the spherical surface. The harmonic thermal-
wave equation for the material under investigation in region N
can be written as

© 2012 American Institute of Physics
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FIG. 1. The geometry and coordinates of a multi-layered
spherical solid.
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where oy (w) = (iw/oay)"* = (1 +1) - v/ /2y is the com-
plex thermal wave-number, o is the angular modulation fre-
quency of the laser beam, and Q (7, @) is the volume thermal
source at coordinates 7’ = (r, 0, @) inside the sphere. Based
on the Green function method, the general solution for
Eq. (1) can be expressed as'

(7, o) :(Z_N> J”Q(FO, ) - G (7o, @) - Ve
N ’
+ ocN+ {G(N)(FVB, o) - ﬁoT(Ff), )
So

—T(75, 0) - VoGV (7|7, w) | - dSo, ©))
where Sy is the surface surrounding the domain volume V)
(i.e., region N), which includes the harmonic source
O(Fy, w); il is a unit position vector from the origin represent-
ing the coordinate of a source point on the surface Sp:
So=1-dSy; Py’ isa position vector tracing the boundary sur-
face So. GV (7|7}, w) is the thermal-wave Green function
with units of [s/m”]. The general case Eq. (2) can be simpli-
fied depending on specific material properties and boundary
conditions imposed on the solid. For solids with high optical
absorption coefficients, such as metallic samples, the volume
source can be neglected (Q(7p, w) = 0). In this paper, we
will focus on metallic (opaque) materials. Moreover, consid-
ering that illumination of the outer surface by a laser beam
leads to optical-to-thermal energy conversion essentially at
the surface and that the thermal coupling coefficient between
a metallic solid and the surrounding gas (air) is on the order
of 1073, the adiabatic second-kind (Neumann) boundary
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condition at the outer surface can be applied. Furthermore, to
convert the improper Green function to a proper one which
can be applied to multi-layered solids with non-homogeneous
interface conditions,'> we assume a third-kind boundary con-
dition on the inner surface of region N at r = ry_; as dis-
cussed below. The homogeneous boundary conditions for the
appropriate Green function and inhomogeneous boundary
conditions for the temperature field, respectively, can be writ-
ten as

kNﬁ'VG(N) (’7|70’ w)‘r:m,l = hN*lG(N) <F|FO7 w)|r:rN,17 (38.)

knits VG (F|Fo, )], = 0, (3b)

kT (7, )y, = Fy1(F, 0) — hy A T(7, )|y,

(4a)

ko T(F, )|y = Fiy (7, 0) |y (4b)

Here hy_[Wm 2 K!] is the heat transfer coefficient at the
inner surface Sy_1, Fy_1, and Fy are the heat fluxes [Wmfz]
imposed on the inner and outer surface, respectively. For the
exterior surface of region j, r=1r; (1<j<N-2), the
boundary conditions can be written as

H;(rlFo; )|, = Hy1 (Fl7o; @), (5a)
OH;(F|Fo; o OH ;1 (F|ry; o
k) j(a|r0 ) _ kj+1 j+1(ar| 0 ) (Sb)

r=rj r=r;
H;(7|Fo; w) is the spatial impulse-response function in region
J. Therefore, in the absence of volume thermal sources in
region N and in the underlying region N — 1, and with the
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homogeneous boundary conditions for the Green function
shown in Eqgs. (4a) and (4b), the general thermal-wave field
represented by Eq. (2) reduces to

TGN»:———§1w4v;wyGW0va@.ao

SN-1

o —s = =8
+ {>FN(r‘0,a)) -GN (FIFS, w) - dS, (©6)

where GW™)(7|i"), @) is the Green function for region N
which must be derived so as to satisfy the appropriate bound-
ary conditions. It should be emphasized that the condition
for Eq. (2) to be reduced to Eq. (6) is that the Green function
must be proper (i.e., homogeneous boundary conditions must
be satisfied at all surfaces enclosing the volume V).

The details of the derivation of the Green function for
the specified geometry of Fig. 1 are given in the Appendix.
Section I of the Appendix develops the Green function (in
region N) and the spatial impulse-response functions (in
region N — 1,...,2 and 1), respectively, for a multi-layer
concentric spherical structure. The relevant Green function
to be used in the exterior region ry_; < r < ry is Eq. (A33).
However, great care must be taken since the Green-function
derivation for region N has employed a nonhomogeneous
(continuity) boundary condition at r = ry. Therefore, the

Ni(0)N;(0o)

__ON
_471;0(1\, 12:0: [Y](I'N) — Xl(erl)]

G (F|Fo; )

{ (mi(knro) — Yi(rw) - jilknro)][mi(knr) — Xo(rv—1) - ji(knr)],
X
(i (knro) — Xi(rn—1) - jilknro)][mi(knr) — Yi(rn) j(knr)],

where rg is the Green-function source radial location, and

[ 1(knry—1) — my_y - mp(knry—1)]
Xi(rnv—1) = — - , 8
I( N 1) [//l(kN"Nfl) — My—1 ']I(kNerl)] ®
n'1(kyry)
Yiry) = ——2, 9
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Here k; =io; = —(1 —i)\/w/20;,(j=1,2,..N) are ther-
(N-1)

mal wave numbers. yy_; = ;f,lv—fl), where the rhs symbols are
11

defined in the Appendix. ji(z), jj(z) are a spherical Bessel

function of the first kind of a complex argument of order /
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function Eq. (A33) is an improper Green function.'” As a
result, it cannot be applied readily to obtain the thermal-
wave field in region N, because it does not satisfy the requi-
site homogeneous boundary condition at » = ry to validate
the field Eq. (6). A proper Green function for the equivalent
exterior region N, which satisfies a homogeneous third-kind
boundary condition at r = ry_1, must be used instead. This
Green function is given by Eq. (A55). However, in Eq.
(ASS5), there is no direct thermal-wave coupling to the
under-layer in region (N—1). There is only an indirect
involvement of the inner region at thermal equilibrium
through the heat transfer coefficient sy _;. A direct involve-
ment of region (N—1) into the proper Green function for
region N, Eq. (A55), can be introduced through correlating
the thermal parameters (ky_p,oy—1) in Eq. (A33) in region
N to the (otherwise arbitrary) constant sy_; in Eq. (AS5S5).
This line of reasoning leads to the equivalence relations
(A57) and (A58) in Sec. II of the Appendix. Those relations
show that for the specified value of hy_1, the proper Green
function Eq. (AS5), and its integral, Eq. (6), can be used as
an equivalent Green function and as a valid thermal-wave
field distribution integral, respectively, to describe the
effects of the multi-layer, despite the nonhomogeneous in-
terior boundary conditions. In summary, the appropriate
Green function to be used in Eq. (6) can finally be written
with the observation coordinate-position vector, r, as the
running variable in the form

(rn—1 <1 <)

(7)
(ro <r<rn)

and its derivative, and n(z), nj(z) are a spherical Bessel
function of the second kind of a complex argument of order /
and its derivative.

Also, N;(0) = /2P (cos 0), N/(Go)\/E%TP,(cos 0o),
where P,(cos 0) is a Legendre polynomial.

In view of the structure of Eq. (6), the prescribed
thermal-wave fluxes Fy_; and Fy, at the inner and outer sur-
face of the N-th layer, respectively, must be specified. In our
case, there is no incident flux prescribed at the inner surface
r = ry_i, therefore,

FN_I(F(),CU):O7 (11)

Assuming that the incident light intensity on the exterior sur-
face is uniform in conformity with standard experimental
photothermal configurations such as laser infrared PTR
(although the theoretical method is valid for any arbitrary
incident beam profile), the thermal-wave flux on that surface
must be weighted using a projection factor in the form of the
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cosine of the incident uniform light intensity which can be
expressed as

FN(}”Na()v(pvw) =

Substituting Eqgs. (11) and (12) into Eq. (6), we obtain

[ (rn7)
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oy Fo

T(F,w) = T

%G(N)(ﬂfs’a)) -cos Oy - dS,, 13)

Snv

where dSo = (2nry sinlp) - (ry - d0o) = 2nr} sin 0yd 0. Now
interchanging (7,0, @) < (rg, 0o, o) in the Green function,
Eq. (7), so as to allow integrations over the source coordinates
(0, 0o, @y) and letting o = ry (surface source), integration of
Eq. (13) and separation of the / = 0 and / = 1 terms for com-
putational convenience, yields the final thermal-wave field
analytically as

— Xi (rn—1)j1 (inr)] .cos 0 - (1 —cos*y)

J1(enrn) Y1 (rv) — X1 (rv-1)]

T, ) = Fo {[HO(KNF) Xo(rn—1)jo(rnr)] Sinzlﬁ
dky o (knrw) [Yo(rw) — Xo(rn—1)] =0 2
o (k) = Xi(rwv—1)ji(kyr)] (204 D)siny
,22:]'1 kyrw)[Yi(rv) = Xi(rv—1)] (1= 1)1 +2)

=1

P;(cos 0)[sin yP;(cos /) 4 cos P, (cos )] } (14)

where P;, P/ are Legendre polynomials and Associated Legendre polynomials, respectively.
From the structure of this expression, it is seen that the frequency dependence of the thermal-wave field of a multi-layered
sphere under illumination with a uniform light beam is a strong function of the material thermal diffusivity as well as geomet-

rical factors of the solid.

If the exciting laser beam is Gaussian, the thermal-wave flux on that surface can be expressed as

1 _ (hzsinzl)

w2

—F
FN(rN,Hv (paw) = 2 o

)COSH,OSQSIP,OS ¢ <2n

5)

0,y <0< 0<¢p<2n

Here b is the radius of the sphere, and w is the spotsize of the laser beam.
Then the harmonic thermal-wave equation for the material under investigation in region N can be written as

N -FO
2ky

T(F,w) =

Sn

Using Eq. (7), the thermal-wave field in region N can be obtained
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Based on Eq. (17), the thermal-wave fields of a spherical
solid with Gaussian beam illumination can be obtained read-
ily with a numerical integration.

lll. NUMERICAL SIMULATIONS

A. Special cases

In this section, we will focus on verifying this theoretical
model through special-case simplification and comparison.
Prior to this, it is noted that although Eq. (14) gives the
thermal-wave field at any point inside the sphere, using the

PTR technique with an opaque solid only the thermal-wave
field from the sample surface can be detected.'® Therefore, our
investigations and simulations will be restricted to the sample
surface at 7 = ry. In all simulations, the amplitude and phase
of the surface thermal-wave field are normalized to the corre-
sponding amplitude and phase of a homogeneous flat surface
of the same material with semi-infinite thickness (AISI 1018
steel). The thermophysical parameters of AISI 1018 steel are
k=51.9W/mK, o= 13.57 x 10°m?/s."” First, if we set
parameters (ky, o), (ka,02),....,(ky_1,0nv—1) in regions 1,
2,...,(N — 1) equal to parameters (ky,oy) in region N, i.e.,
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FIG. 2. The frequency dependence of thermal-wave field from solid spheres
simulated by this single layer model from degeneration of Eq. (14).

(ky,o0) = (kayop) = -+ = (kn, o), Eq. (14) can be easily
reduced to a single-layer model, i.e., a homogeneous sphere.
The frequency dependence of the surface thermal-wave field
of a uniform solid sphere (the North Pole point, y = 7/2) is
simulated in this manner and is shown in Fig. 2. In the simula-
tions, two spherical solids with the same diameter (4 mm) but
made of different materials (aluminum and copper) are inves-
tigated in the limit where the incident light beam is large
enough to cover the whole projectional surface of the spherical
solid, i.e., y = m/2. The other parameters used in the simula-
tions are 401 /mK, o = 112.34 x 107°m?/s for copper and
k=204W/mK, o =84.18 x 10°°m?/s for aluminum. In
addition, the same simulations performed with the theoretical
model developed in Ref. 11 are also presented for comparison.
It can be seen that both amplitude and phase channel of each
sample calculated with the model of Eq. (14) in the limit of a
single layer and those using the actual single layer expression
(the dashed line in Fig. 2) show perfect agreement. The single
layer model developed in Ref. 8 has been found to be suitable
for interpreting PTR measurements. In summary, the photo-
thermal theoretical model of Eq. (14) for a multi-layer sphere
exhibits the correct expected behavior in the limit of a single-
layer sphere.

Equation (14) can also be reduced to a 2-layer model by
assuming parameters (ki, o), (k2,02),...,(kn—2,0v—2) in
region 1, 2,..., (N — 2) are equal to parameters (ky_p,o%y_1)
in region N-— 1, i.e., (khacl) = (kg, O(z) == (kal,OCNfl).
Under the same illumination and measurement geometry, two
AISI 1018 steel spheres coated with aluminum and copper,
respectively are considered, with the same diameter as before,
equal to 4 mm, and coating thickness 1 mm. The surface
thermal-wave fields in the 2-layer solid sphere illuminated by
modulated light were calculated and Fig. 3 shows the fre-
quency dependencies. The symbols are results based on the
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FIG. 3. The frequency dependence of surface thermal-wave field from
2-layer spherical solids. Sample A is a steel sphere coated with copper and
sample B is a steel rod coated with aluminum.

present model, Eq. (14), in the limit of two layers and the solid
lines were calculated using the 2-layer quadrupole method
model developed in Ref. 11 for comparison. The results are
identical throughout the entire frequency range. The 2-layer
model developed in Ref. 9 is also presented with a dashed line
in Fig. 3 and also shows perfect coincidence with the simpli-
fied case of the multi-layer model. The foregoing special cases
are proof that the generalized complicated model of multi-
layered spheres yields the expected results in a number of im-
portant limiting cases. Indeed, the agreement involves both
our own earlier results’ and those obtained with the model
developed using the quadrupole method.

B. General case

Simulations involving the full multi-layered model are
now presented. Using the same illumination and measure-
ment geometry as above, two AISI 1018 steel spheres with a
4 mm diameter and different thermal conductivity depth pro-
files are investigated. We assume that the radial thermal con-
ductivity of the inhomogeneous layer in the multilayered
spheres varies continuously with the depth dependence'®

—Qr 2 _ /
k) = k(2T i A= VR
1+A VK [kg — e=QLo

(18)

where ko and k' represent the thermal conductivity of the out-
ermost layer and innermost layer, respectively; L is the total
thickness of the inhomogeneous surface layer (i.e., Lo=ry
— ry,). For a 2-layer sphere, only the outer layer r, >r >r; is
assumed inhomogeneous with depth L, =r, — ry. The expo-
nent Q represents the thermal gradient. The assumed depth
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FIG. 4. The assumed thermal conductivity depth profiles of two spherical
samples with different thermal gradients, O [mm™'].

profile ansatz Eq. (18) is capable of expressing arbitrary
monotonically increasing or decreasing depth profiles if pa-
rameters are properly chosen. Figure 4 shows the assumed
thermal conductivity depth profiles of the two spheres. The
thermal conductivity of the inhomogeneous layer is continu-
ously increased from k=36.05 W/mK (at the surface) to the
saturated value X =51.9W/mK at L, (=1 mm) inside the
material but with different gradients for the two spheres;
0=4000 (1/mm) and Q=8000 (1/mm), respectively.
Figure 5 is the comparison of the frequency dependence of
the surface thermal-wave field in a sphere made of AISI
1018 steel calculated by the Green function theoretical

Q15
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= O Green function method
Q—,I 4] —— Quadrupole method
% ' Q=8000mm"’
< Green function method
8 — Quadrupole method
N1.31
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Frequency(Hz)
FIG. 5. Comparison of the frequency dependence of surface thermal-wave

field calculated by the Green function theoretical model and by the quadru-
pole method.
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model, Eq. (14) (symbols) and the quadrupole method (solid
line) in Ref. 13. In Fig. 5, spheres with the continuously vari-
able thermal conductivity depth profiles of Fig. 4 are consid-
ered, however, the use of the discrete multiple layer formula
Eq. (18) necessitated the approximation of the continuous
profile with a step profile. For each virtual slice, j, | <j <N
(usually for Lo=1mm, N =30 is sufficient to describe a
continuous profile) the value of k(r) =k(r;) is calculated by
using Eq. (18) in a stepwise manner for each slice with radial
limits 7; <7 <r;, . The frequency scans of Fig. 5 are normal-
ized by those of a corresponding single-layer flat surface of
the same material and thermal conductivity equal to 51.9
W/mK. It is further seen in Fig. 5 that both amplitude and
phase curves calculated with the Green function model com-
pletely overlap those curves based on the quadrupole method
over the entire frequency range. This indicates that both the-
oretical models are suitable for characterizing multi-layered
spherical samples using the PTR technique.

As shown in Eq. (14), the thermal-wave field is also a
sensitive function of the geometrical and measurement pa-
rameters. Figure 6(a) shows the normalized amplitude and
phase of a spherical solid at different azimuthal angles 0
(diameter =4 mm). Figure 6(b) shows the normalized ampli-
tude and phase of spheres with various diameters (D) at
0 =0°. In the simulation, the parameters k, k', and L, are the
same as those used in Fig. 5 and Q =4000 mm~"'.

From Fig. 6(a), it is seen that under the same illumina-
tion and same geometrical diameter, the thermal-wave field
is very sensitive to the measurement angle 0, which suggests
that precise alignment is required during an experiment. In
Fig. 6(b), it is seen that the thermal-wave signal varies more
rapidly at increasing frequencies when the solid diameter
decreases. At very high frequencies, all normalized ampli-
tudes and phases converge to constant values, as expected,
due to the very short thermal diffusion length when com-
pared with the radius of curvature of the sphere. At high fre-
quencies, the normalized amplitudes are not equal (ratio # 1)
because the semi-infinite flat reference material is AISI 1018
steel with k=51.9W/mK (unhardened inner material),
whereas the thermal conductivity of the surface of the inho-
mogeneous layer is 36.05 W/mK (hardened surface).

Finally, we present the thermal-wave field of a surface
illuminated by a Gaussian laser beam. In the simulation, the
diameter of all spheres is assumed to be 10 mm, and the spot-
size w is assumed to be 2 mm, 4 mm, 10 mm, and 5000 mm
(i.e., close to infinite), respectively. The parameters of the
profile of the thermal conductivity of the inhomogeneous
layer are Q =4000mm ', Lo = 1 mm. The simulation results
are shown in Fig. 7. It is seen that as the spotsize increases,
both amplitude and phase converge to the response of spheres
illuminated with a homogeneous beam. When the laser spot-
size W =500 mm, the two lines overlap, as expected, because
the beam spatial profile distribution converges to a uniform
distribution. The Green-function sensitivity to beam spotsize
demonstrates the capability of this mathematical approach to
deal with arbitrary incident beam profiles. Compared with the
Green function method, the quadrupole approach is limited to
samples with cylindrical or spherical symmetry and can only
calculate the temperature on the sample surface, which
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sometimes limits the general applicability of this theoretical
approach. Using the Green-function method, the temperature
fields of arbitrary asymmetrical solids, such as wedges, as
well as the thermal-wave values at any point inside the solid
can be calculated.

IV. EXPERIMENTAL AND RESULTS

The experimental PTR setup is shown in Fig. 8. The op-
tical excitation source was a high-power semiconductor
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FIG. 7. Frequency dependence of the surface thermal-wave field from multi-
layered spheres illuminated by Gaussian beams of various spotsizes. The
curves are normalized with a single-layer flat surface of the same material
and conductivity equal to 51.9 W/mK.

laser, the emitted power of which was modulated by a peri-
odic current driver. The harmonic infrared radiation from the
sample surface was collected by an off-axis paraboloidal
mirror system and detected by a HgCdTe detector (EG&G
Judson). The signal from the detector was pre-amplified and
then fed into a lock-in amplifier (EG&G Instruments) inter-
faced with a personal computer.

Fabricating a multilayered or an inhomogeneous spheri-
cal solid, in practice, is actually not easy, especially when
the thickness of the surface layer is on the order of tens of
micrometers to millimeters. In this experiment, we used two
homogeneous steel spheres with diameters of 4.998 mm and
7.138 mm as experimental samples. The well-documented
surface roughness of spherical steel samples was considered
to be the inhomogeneous layer for the purposes of illustrat-
ing this theoretical model. In order to eliminate the instru-
mental transfer function the experimental data were
normalized with the data from a C1018 steel flat surface.

Expander "

Optical Fiber
@ Diode Laser
Ofta%s rand Cooler
Paraholoida ) Laser
Mirrors ; Power Supply
f ! 1 Osc.Output
| \l: Wy w)p
Focal ™[ ______ 0 T
, LOCK-IN
Plane ¥ 'Y
HgCdTe % Sample
[
Dietectol { >
Pre Amp

FIG. 8. The experimental PTR setup.
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The experimental procedure has presented in Ref. 8. The
samples were made of SAE52100 steel with composition: C
0.95%-1.05%, Cr 1.40%-1.65%, Si 0.15%-0.35%, P
0.025%, S 0.025%, Cu 0.25%, and Ni 0.30%.

Considering that the thickness of the surface roughness
(or surface inhomogeneous layer) may be on the order of
micrometers, the samples can be evaluated with the homoge-
neous (1-layer), or with the multi-layer model with different
approximations. In Sec. III, it was shown that the multi-layer
model can be reduced to the one-layer model by setting
(ki,00) = (ka,00) = -+ = (kn, oy). In the following, we use
this degenerate one-layer and the general multi-layer model,
respectively, to fit the experimental data.

The experimental data and fitting curves are shown in
Fig. 9. Best fits were performed with the degenerate one-
layer model obtained from the multi-layer model, and also
directly using the multi-layer model. The results are shown
in Table I and the reconstructed thermal diffusivity depth
profiles using the multi-layer model with various diameters
are shown in Fig. 10. When these two types of best-fit results
are compared with those from the original one-layer model,®
they are found to be identical.

For the steel sphere with diameter of 4.998 mm, the
best-fit results from the direct multi-layer model are:
=128 x107% m?s, an=12.3x 10 m?%s, Lo=56um,
0 =40 600mm "', and 0 =21.3°. Compared with the results
;=129 x 107® m?s, §=20° obtained with the direct

TABLE I. Best-fitted results of spheres based on the degenerate multi-layer
model of Eq. (14).

Diameter o oN Lo Q @
(mm) (m?%/s) (m%s)  (um) (mm~') (Degree)
One-layer ~ 4.998 129x10°° 20
model 7138 126x10°° 29
Multi-layer  4.998 12.8x107° 123x107° 56 40600  21.3
model 7138 126x107° 124x107° 64 43000  28.7

10000 1 10 100 1000
Frequency(Hz)

10000

one-layer model of Ref. 8, the difference of the thermal diffu-
sivity of the spherical substrate is small, about 0.6%. This is
so because the contribution of the inhomogeneous layer to the
PTR signal is very small due to the small thickness of the
very thin layer. The thermal contribution of the surface thin
layer modifies the signal mostly in the high frequency range,
as expected. Nevertheless, taking into account the thin inho-
mogeneous layer of the theoretical model yields better theo-
retical fits than that with the one-layer model. This can be
seen in Fig. 9(a), as the solid line crosses over more experi-
mental data than the dashed line, especially in the high fre-
quency range.

6

x10;
12.8 1

12.7 4
12.6 4
12.5
12.4 4
12.3 4

——D=4.998mm

Thermal diffusivity (m2/s)

T T T T v T T T T
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Depth (um
><10"6 p (H )
«=12.60

/s)

12.55 1

4250

12.45 1

—D=7.138mm

12.40 +

Thermal diffusivity (m

| LA I A I S S R S B R

0 10 20 30 40 50 60 70
Depth (um)

FIG. 10. Reconstructed depth profiles of thermal diffusivity of the surface

roughness (or inhomogeneity) layer of two spheres with diameters of
4.998 mm and 7.138 mm.
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The same trends can also be seen for the spherical sam-
ple with diameter of 7.138 mm. The best-fit results from the
direct multi-layer model are: o;=12.6x107° m?s,
an=12.4x10"% m?%/s, Ly=64 um, Q =43000mm ', and
0 =28.7°. Compared with the results o; = 12.6 x 107® m?/s,
0=29° obtained with the one-layer model of Ref. 8, the
thermal diffusivities of the spherical substrate are identical.
The thickness of the surface roughness is approximately the
same as that of the 4.998-mm diameter sample. Similarly,
the best-fit curve (solid line) from the multi-layer model,
Fig. 9(b), crosses over more experimental data than that
resulting from the original one-layer model (dashed line).

From the comparison of the best-fitted results using the
one-layer and the multi-layer models, it can be seen that the
difference between the results are very small due to the small
thickness of the surface layer. This means that both models
are suitable for thermal parameter measurements in this case.
It is seen, however, that we can obtain more accurate results
by taking into account the roughness layer and using the
multi-layer model. This demonstrates the value of the multi-
layer model in treating more general multi-layer spherical
cases.

V. CONCLUSIONS

We have developed a theoretical thermal-wave model
that is suitable for characterizing opaque multi-layered
spherical samples using optical heating from a laser beam
with arbitrary intensity spatial profile. Based on the Green
function method, the thermal-wave field from a multi-
layered spherical sample with uniform surface illumination
was obtained as a special case of spatial heating profile. The
thermal-wave dependencies on various thermophysical and
geometrical parameters were also investigated. Together
with our earlier investigations on composite cylindrical sol-
ids and spherical solids, this work complements the applica-
tions of thermal-wave techniques, and PTR in particular, in
these two most commonly used curvilinear coordinate sys-
tems. With the advantages of the Green-function method
regarding the arbitrariness of the photothermal source spatial
profile and its ability to handle both homogeneous boundary
conditions (proper Green function) and inhomogeneous
boundary conditions (improper Green function), this model
offers a general analytical tool for characterizing spherical
solids photothermally excited with incident laser beams of
varying spot sizes and angles of incidence, two parameters
of direct experimental relevance.

ACKNOWLEDGMENTS

This work was supported by a grant from the National
Natural Science Foundation of China Contract No.
60877063, Scientific Research Foundation for Returned
Scholars, Ministry of Education of China, and the project of
the Priority Academic Program Development (PAPD) of
Jiangsu Higher Education Institutions. The Canada Research
Chairs and the Natural Sciences and Engineering Research
Council of Canada are gratefully acknowledged for their
support through a CRC Tier I award and a Discovery Grant,
respectively, to A.M.

J. Appl. Phys. 112, 033521 (2012)

APPENDIX: THERMAL-WAVE GREEN FUNCTION FOR
A MULTI-LAYERED SPHERICAL STRUCTURE

To calculate the Green function for a multi-layered
sphere with non-homogeneous boundary conditions at the
interface between the outer and inner layers, the following
two related problems must be solved.

1. Green function and spatial impulse-response
functions for a multi-layered sphere with a spatially
impulsive time-harmonic thermal-wave source at
(ro, 00, ¢g)s rn—1=< 1o < ry. A homogeneous Neumann
condition is prescribed at r=ry.

In region j[j =1,2,---,(N — 1)], with thermophysical
properties (kj,o;), the spatial impulse-response function
H;(7]7o; ) (not a Green function in the layer which does not
include the thermal-wave Dirac delta-function source),15 sat-
isfies the homogeneous equation

19 1 0 o
52 PH;(F170; )] + = | sin 0 =5 Hj(Fl7o; )
L2 2 i
* 12 sin® 0 §¢p* Hj(lro; ) = 9 (w)H;(F|Fo; )

= O (IT]'_I S r S rj). (Al)

In region N (ry_; < r < ry), with thermophysical prop-
erties (ky, o), the Green function GN) (7|7p; ) satisfies'®

0 o
smG%G(N) (F7o; w)

10
e sin20 9y’
o(r —rp)o(cos @ — cos 0y)o(p — @)
B o1
X (ry—1 <7 < ry),

G (717o; ) = oy ()G (77o; )

(A2)

where g; = (1 —i)\/w/20;,(j=1,2,...,N) is the complex
thermal-wave number. The Dirac delta function can now be
expanded in the basis of the orthogonal eigenfunction com-
plete set of spherical harmonics {Y;,(0, ¢)}

00 i
5(cos — cos 0y)d(p — @) Z Z Yim (0, 0)Y1n" (00, @o)-
1=0 m=—1

(A3a)

when the exciting laser beam is of circular symmetry with
respect to the z axis, m = 0 (always the case in this paper).
Equation (A3) reduces to

o0

1
d(cos @ — cos 0p)d(p — ¢o) = Z—EZNZ(O)NI(HO), (A3)
1=0

where N;(0) = /(214 1)/2P,cos (0)

Legendre polynomial.

and P;cos(0) is a
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Both the Green function in region N and the impulse-
response function in region j[j = 1,2,---, (N — 1)] can be
expanded in the basis of the complete set of spherical har-
monic functions {¥;,(0, @)}

. 1 & .
Hj(l‘ll‘o; (U) = %lz:; hﬂ(r|r0; 0)) . N[(Q)N](Q()), (A4)
GM(FlFo; ) = iigm (FIFo; @) - Ni(O)Ni(0p).  (AS)
’ 21 4= ! ’
Substituting Egs. (A4) into (A1), we obtain
hji(r, ro; @) = agji(r;r) + bjmi(w;r)
x(rioi <r<r,j=1,r-1=0), (A6)
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where 1 < j < N — 1, is natural number.

ki(w) =ioj = —(1 —i)\/o/20;,(j=1,2,---,N) and
when j = 1, by; = 0 (because n;(ic;r) becomes unbounded as
r— 0).

Substituting Egs. (A5) and (A3') into Eq. (A2), we
obtain

1 & I(I+1)
;W[I'gl(N) (rlro; w)] + |:K12v — T} ggN)(r|r0; )
o(r —r
= _%(’N—l <r<ry), (A7)

when r # rg, Eq. (A7) reduces to a homogenous equation.
Assuming its solution to be

anyji(xnr) + by (enr), (rv—1 < r < ro)

&t (o ) =

anji(knr) + by (kyr) +

where, using Green-function reciprocity, W (iyro) = ji(rnro)
n'1(knro) — J' 1 (knro)ni(inro) is the Wronskian identity for
the functions jy(ry7) and ny(ky7), f(ro) = ayr. The next task
is to derive relations among the coefficients of these N
equations.

In the exterior surface of region j,r =r; (1 <j <N —2)

Hj(ﬂfo;w”r:r] = j+l(F|’?0;w)|;':iy’ (A9)
OH;(F|rp; » OH;((F|ro; @
| |

At r = ry, ahomogeneous Neumann condition is assumed

I ([Fy; )

o =0. (Al1)

r=ry

Substituting the boundary conditions (A9)—(Al1l) into Eqgs.
(A6) and (A8), and omitting the subscript / of the coefficients
for convenience, we obtain

Atr=ry,
ayji(kir1) = asji(kary) + bony(rcary), (A12)
arf (ki) = Porlaaf' (rar) + bari(rr1)], (A13)
where
Biv1j = kiv1/k;- (A13a)
Atr =,

Ji(enr)m(knro) — ji(kyro)m(inr) — (ro <r <rw), (A8)
f(ro)W(xnro)
[
arji(Kar2) + bany(1ara) = axji(i3rs) + ban(ksry), (Al4)

arf |(12r2) + ban'1(k2r2) = Paylasf i (i3r2) + ban'i(r3r2)],
(A15)

Atr =ry,

ai(ir) + bimi (K1) = ajerji(K17) + b (ijr),

(A16)
aif ((Kjry) + b ((Kj17) = By jlagead 1 (j17y)
+ bjan1(k4177)], (A17)
where 1| <j <N — 1.
Atr=ry,
. , KN [,
anj' (knry) + byn'i(knry) = — a ' 1(ewrw )i (enro)
7j[(KNI‘0)I’l/[(KNI‘N)].
(A18)

To solve these equations, two steps are required. First, we
consider a; to be a known number. Next we turn every two
equations into a pair for (a;b): (ai,b; =0) — (a2, b2) —,
-+, (an-1,by—1) — (ay,by). Then ay,by can be expressed
in terms of @, successively through the use of matrix methods
applied to the pair of Egs. (A16) and (Al7), taking into
account Egs. (A12)—(A18). We thus obtain
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[a, ] _ [a,
b | —T1_b1_, (A19)
(a3 . [
BECI! (A20)
_614 . _a3
by | —T3_b3_, (A21)
= 1j-1 )
b bi-y (A22)
an aN-—1
= TN*I )
by bn_1
Combining matrices yields
a a
Y =Ty Ty TaTy | (A23)
bN bl
andb; =0,7T; = Bj’lAj, we find
Jirejry), (i)
Aj = R N
Ji(rjr) s n' 1 (i)
1(Kj175), ni(Kj17j
B, = Ji( ]+-]/ .1) 1 j+1 .1) / (A24)
' Bi14 1(K177), B jn 1(Kj177)

Since we are only interested in ay, by, we can avoid solving
for a@;. In principle, we can write out the matrix
Ty 1Tn_o - --T>Ty, in the form of

(N) (N)
TyiTya--ToTy = | 1712 (A25)
N-11N-2 2l = ™ W )
21 2
so that, ay = t(llpal, by = tg}’)al.
It follows that
(N) ()
by _ 1 Hi
— =-=-=yy, Wwhere 7y =-=. (A25a)
T =4
Also
. . / . o KN M . .
anj ((knry) + byn'i(knry) = — P [ (renrn ) (knro)
N
—j](KNi'o)nlg(KN}’N)] (A26)
or
an[f (o) + (v )15y )
Nt(N)
= a—ll []',[(KNVN)n[(KN"O) —jl(KNro)nll(KNi'N)}. (A27)
N

Finally, we obtain the solution

J. Appl. Phys. 112, 033521 (2012)

v — KNI‘YY)
V=
o[ (k) 2y + (e )5y ]

x [i(rwro)n'i(kenrn) = 7' 1(knra ) (renro) ],

(A28)

N
Kthl)

by
o (1 (k) 2y + (w5 ]

x i(kwro)n'i(knrn) = 7' 1(kvrw )i (renro)],  (A29)

Using the Green function definition

g (ryro; @), (rv—1 <17 < 1p)
g™i(r,ro;w) = { (A30)

gi (r,ro; @), (ro <r <ry).

we find
oo slinenr)dY + mer) )]
gl roj ) =— ) ™)
o[/ (kvrw)tyy” + 1 (kv )ty
X i(renro)n'i(rnrn ) — J' (renrn )y (kenro)]
X (ry-1 <1< 1), (A31)
. (N) 3\ 4N)
oo wnli(enro)tyy” + mi(knro)ty]
gilnniw) =—=, ) 4 ()
ol (kvrw)tyy” + n'i(knrw )ty
x i(renr)n'i(kwrw) = 71 (kwrw ) m(iewr)],
(ro <r <ry) (A32)
(N) (N)

where #,,,,,” are defined in Eq. (A25). Connecting this for-
malism to Eq. (A5)

G (r,ro;m), rve1 <1 <
GO (r, o) = 4 O TR ) am)
G/ (ryro;m), (ro <r <ry),
where
G=i(r,ro; ) =Y Ni(0)N(0p)
=0
b)) + m(ewr) iy )
27'(0(/\/ [j’,(KNrN)tgl},) =+ ﬂl1<KNI’N)l‘g;/)]
x [i(renro)n' (renrn) — J'y(renrn ) m (renro)] 5
n-1 <1 <ro (A34)
o0
G™(r, 03 0) =Y Ni(0)N(0p)
=0

e i (enro)tly) + mi(renro) sy ]

2oy []"[(KN}’N)[(IIY) + l’l/l(KN}’N)l‘(zlil)]
x i(rwr)n (renrw) = ' (renrn ) m(rew )]

(ro<r<ry) (A35)

It is noted that when N = 2, from Eq. (A24)
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B 'A =

ﬁZl

:Cl

These expressions put in the form of Eq. (A25) yield

Kzrf [ﬁ21n/l(K2"1)7_”l(KZ"I)] l]l(Klll (K1)

!

B 1(kar1), ji(ary)

!

Bor# 1(rcary )ji(reary) — my(rary)j (s

(
JiGar)f' (

—[Porf (rc2r1)j (11 11) — K1)l

1) = o e )js(ir) — mior))j(im)), (A37)

2)

) = — (A38)

[Pt (a1 )ji (i) — ji(aory)f (1))

Substituting Eqs. (A37) and (A38) into Eq. (A33), we obtain
the Green function for a bi-layered spherical structure which
is identical to that derived in Ref. 9, as expected.

Similarly, for the impulse response, from Eq. (A23), we
can obtain

ay a;
[bzv} =Ty 1Ty~ T;+1T/{bj]} (A39)
Then
Cl 1 _ _ an
M =TT T Ty [bN]- (A40)
We can write out the matrix 7}~ Tj o Tyh Ty, in the form
0!
_ I Wi Wia
T T Ty = [ ) U)] (Ad1)
Wo1, W
So
a: w(’)a + (/)b
j = WiidN T W[ DN, (A42)
by = wllay +wilby. (A43)
Also
hj[(l‘7 1o, w) = Clj]j](Kjl’) + bjlnl(rcjr). (A44)
Now the solution can be written as
hi(r,ro; @) = (w{lay + wiiby)ji(ir)
+ (wgl)aN + wgg)nl(x_ir). (A45)

le(KN—li”N—l ) (Kn—17n—1)

1 (kny—1ry—1),10 1(Kkn—17N—1)
By n—1n i(enry—1)ji(sn—arn—1) —m(knry—1)j' (kn—1rv-1)

=C . . . ’
l—[ﬁzv,zv1J’1(KNI”N—1)J(KN—IFN—l)—Jl(KN’”N—l)/ (kn-1rn-1)],—

)
Ji(eare), n'i(ar)

)

)

—[Paor) (a1 )y (1 71)
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|

s Bani(rar)m(rerry) — my(car)n'y (11

(where ¢ = K217 /Byy)
— jikar)n’i(r171)] v
(A36)

Then the spatial impulse-response function of region j
becomes

t\)‘__‘

o0
(Flro; @ Z (wilay +whby)ii(1gr)
=0

+ wWay + wby)ni(157)] - Ni(0)N,(65).
(A46)

2. Equivalence relation between a multi-layer compos-
ite sphere with homogeneous Neumann conditions at
the exterior surface of region N(r=ry) (Sec. ) and a
hollow sphere with a homogeneous Neumann condi-
tion at r=b—ry (exterior surface), namely m,=0, and a
homogeneous third-kind boundary condition at inte-
rior surface of a hollow sphere r=a—ry—_1

In Sec. I, the Green function, Eq. (A33), evaluated at
r = ry—; can be re-arranged as follows:

KN

G(N)(7N71|’_"O§ ) g( )(717727""'N7"N71)

27[0(]\/ =0

Li(nro)n'1(rnrw ) = 'y (sinrw ) (rew o) |
x Ni(0) - Ni(6o), (A47)

Ji(enrn— l)t“ KNy - l)lg:,)

N (71 7, -
Whereg (’17’27 rN*l?’N) 71(kwry)- 1(11)+”1(KN7N> t( )
The quantities tgl\f) and t§1¥> can be determined from
(V) (V=1
Wl =Tvr |y | (A48)
h h1

where
Ty—1 = By' | Av_i

m By -1 i(ienry-1), —m(knry-1 )}
ﬁN,N—l [ 5NN JGenrn—1),jilknrn 1) | (A49)

Furthermore,

ﬁN,N_]nll(KNrN—l)”l(KN—er—l)_nI(KN"Nfl)nll(KNferfl)
By (knrn—)m(rn—1ry—1) —ji(knrn—)n' i (e —1rv-1)] |

(A50)
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where ¢ = knry_y /By -1
Combining results,

’ c
JI(KNerl)l(llr) Jrn/(KN”Nfl)th) = 2
KNTN_1

Similarly we find

o (N)

By lit(en—arw-0)y ™" + miley-arw-n)es) ).
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(AS1)

J10enr) Y+ 11 enr )88 = A By i Gev— =)™ 4 men— i )88y ™V (e ) (w1 ) — 7 (kg1 ) (e

+ [ Oenoarw= )Y ™ i (o rno )iy V(- )il () — 7 e g w1 )] -

Collecting terms

G (Fy_1[Fo; o) =

where

— — K -
G(7n-1]7o; ) :ﬁZN,(G)N,(@O)
=0

Comparing with Eq. (A53), it is found that

(A52)
al ZOO:N,(G)NI(GO)
2mony yy
~ []‘/(KNFO)H//(KNT‘N) B nl(KNrU)j/l(KNFN)]/(KNrIZ\ffl) (A53)
U (enrw)n i (knrn—1) = J'(kwrn—1)n' 1 (kwrn )] + Alji(kwrv—1)n'i(enry) — (ke ) (knrv—1)]
1= [ Gewoarw— )+ (v iy )i ) (A54)
B vy lin (e ™+ m(oenoirn)rsy V]
For a hollow sphere, the Green function in the region N can be expressed as’
[ir(rnro)n’s(enrn) — m(iewro)y(rwrn)]/ (knry_y) (AS5)
[/.,I(KNrN)n/l(KNerﬂ _j’l(KNerl)n,l(KNrN)] + m(N—l)[/.[(KN"N—I)”/I(KN"N) _j/J(KNrN)nl(KN"Nfl)]
[
hn-
my_1) = (Z ) (A58)
N

m(N,l) =1

) -+ n/[(KN_er_l)th_l)]

_ levaryd
. N—1
B v i (kn—irw—n)e) "

(N >2).

+ ey ]

(A56)

Using definitions Eqs. (A25a) and (A13a), my i, can be
written in the form

" B V' i(ren—1rn—1) + ' 1(ky-1rv—1) 7 v—1y)
N0 B v li(kv—1rv—1) + m(in—1rwv—1) v 1))
(A57)

Now turning to the relation

between my_;), and the effective heat transfer coefficient
h(N,I),ls we find

' 1(kn—1ry—1) + 2'i(kn—1rn-1)7v—1))

hivoty = kiv—1) - = .
= = Ui(kn—1rn—1) + m(kn-1rv-1)7 -1
(A59)
If N = 2, Eq. (A57) reduces to Ref. 6, Eq. (A.3.4)
! / . il
h =k .].I(Klrl) + 1y (r1r1)yy _ kllil(Klrl), (3, = 0).

Ji(wirt) + m(kirn)y, Ji(kir)

(A60)

As expected, on replacing the otherwise arbitrary con-
stants mgy_y and hp_py in Eq. (A55) with the foregoing
expressions which contain thermal-wave parameters from the
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underlayer region N — 1, the Green function (A33) can be
transformed into a proper Green function for region N. As
such, Equations (AS5) with Egs. (A57) and (A59) satisfy the
field equations (6) and (7) with those particular values of
my—-1) and hy_py. Substituting my_yy and hp_yy into Eq.
(A59), one can obtain the Green function in region N, and on
using in Eq. (5) Fy(Fy, ) from Eq. (12), the thermal-wave
field, Eq. (14), is obtained in region N after some algebraic
manipulation.
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