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ABSTRACT: In typical quantum dot solids used for photovoltaic applications, the
dominant source of carrier loss is through trap states. Identifying pathways for exciton
relaxation from these states is important to the optimization of energy conversion devices. A
generalized variational inverse method for the reconstruction of multipath exciton lifetime
spectra in PbS colloidal quantum dots (CQD) used for solar cells was developed which
allows for resolving concurrent multipath relaxation lifetime mechanisms in the form of
Voigt distributions. The variational inverse method was applied to high signal-to-noise ratio
photocarrier radiometric phase frequency responses from coupled CQD assemblies with
0.5−1.0 nm interdot spacings. Two concurrent deexcitation mechanisms with radiative and
nonradiative channels were found in the range of 300 K ≥ T ≥ 100 K: Exciton−phonon
interaction involving the lowest 1S−1S excitonic state splitting and a thermalization
broadening model based on the exciton trapping probability dominated the temperature
range of ≥200 K. Exciton hopping in the form of tunneling from a smaller quantum dot in a
higher-energy state to a lower-energy state of nearby larger quantum dots dominated temperatures <200 K.

■

INTRODUCTION
The importance of exciton decay mechanism elucidation of
interacting (“coupled”) colloidal quantum dots (CQD) is
commensurate with their growing use in photonic and
optoelectronic device fabrication, such as colloidal solar cells,
and can have a substantial impact on the understanding,
control, and optimization of the fabrication process. Decoupling these mechanisms has been a major problem in CQD
deexcitation physics to date. The size-tunable electronic and
optical properties of lead salt (PbS, PbSe, and PbTe) QCDs
have made these materials promising candidates for thirdgeneration thin-ﬁlm photovoltaic systems.1−3 Studies of the
optical-to-electronic energy transfer and subsequent electron
transport in lead salt CQDs are critical to understanding and
optimizing the fabrication of both thin ﬁlms and devices.4 Over
the past decade, various exciton deexcitation and transport
mechanisms have been discovered. In a coupled QD assembly
where the interdot spacing is short, about 0.5−1 nm, Förster
resonance energy transfer (FRET)5 occurs from smaller to
larger QDs. Physical processes driving exciton transport range
from Coulomb blockade at room temperature to nearestneighbor hopping (NNH) (near 200 K) and variable-range
hopping (VRH) (T < 200 K).6 Three diﬀerent temperature
regimes over a temperature range of 6−290 K showing diﬀerent
photoluminescence (PL) intensities and decay rates were also
found by Andreakou et al.7 The commonly used dc (or
continuous) photoluminescence (PL) lifetime measurements
are not suitable for probing dynamic exciton decay processes.
Time-resolved PL has been used for the purpose of measuring
relaxation lifetimes in PbS QDs at various temperatures.7−10
© 2014 American Chemical Society

However, major problems with this modality persist. They
include excessive noise due to the broad bandwidth of fast
detectors required to capture the transient, especially at long PL
transient times (tens of microseconds), thereby yielding poor
lifetime accuracy,9 and the nonexponential character of the
decay which makes use of the deconvolution algorithms’
imprecision and resulting poorly resolved lifetimes, only under
the unjustiﬁed assumption of discrete lifetimes. Reliable
physical models of QD excited-state interactions as a function
of parameters such as ambient temperature, QD, and trap
densities, which are crucial to obtaining a complete physical
picture of the details of exciton relaxation mechanisms, have
not been possible to date due to the foregoing limitations on
lifetime measurement accuracy and precision/resolution.
Signiﬁcant progress has been made recently through the
introduction of photocarrier radiometry (PCR) into PbS CQD
thin-ﬁlm exciton decay dynamics.11 PCR is a frequency-domain
PL modality,12 the spectral bandwidth of which is gated to
eliminate thermal−infrared photon contributions resulting
from radiatively emitted photon reabsorption and nonradiative
conversion. Moreover, PCR as a nondestructive, noncontacting
characterization method can be of considerable importance
because the (semi-) soft CQD optoelectronic materials are
vulnerable to contacting probe damage during subsequent
processing steps. Conventional electrical characterization
methods for trap state identiﬁcation are typically highly
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convoluted and require carefully controlled experiments. In
contrast, nondestructive optical characterization methods
typically probe the bulk of the materials, which can provide
information on the nature of the material without side eﬀects.
Both PCR and time-resolved PL can yield quantitative
information about relaxation lifetime distributions and their
radiative and nonradiative components associated with intraQD and inter-QD excited-state decay processes.9,11 However,
PCR phase data with a maximum variance of 0.43% for a
coupled PbS CQD sample suggest that the accuracy and
precision of PCR is much superior to that of time-resolved PL
which has a typical uncertainty range of 1.7−17%.9 This is due
to the intrinsically high signal-to-noise ratio (SNR) of PCR
based on narrow band lock-in demodulation and has to do with
the fact that the demodulated phase is the ratio of the two lockin signals, quadratue (Q) and in-phase (IP); as a ratio, the
phase is generally immune to instrumental signal ﬂuctuations to
which the amplitude is sensitive, but they are canceled out of
the numerator and denominator of the phase channel. This
adds a strong stability advantage to the phase channel. Wang et
al.11 presented a variational formalism for the exciton relaxation
time distribution reconstruction inverse problem from the PCR
modulation frequency response, leading to two simultaneous
integral equations in the lifetime distribution function
(spectrum) for the IP and Q lock-in signal channels which
were subsequently used to reconstruct the lifetime spectrum. It
was shown that highly reproducible discrete lifetime distribution spectra can be obtained for both uncoupled (noninteracting) and coupled thin-ﬁlm CQD samples. A major
problem with discrete lifetime distributions (primitive line
spectra) is that they do not yield physical deexcitation
mechanisms of interacting excitons nor are they able to
diﬀerentiate between concurrent relaxation lifetime processes
because they result in spectra with multiple independent
lifetimes which vary arbitrarily with temperature and which are
thus diﬃcult or impossible to analyze in terms of coherent
physical processes.
The introduction of a continuous variational lifetime theory
into the PCR frequency scans11 allowed for Voigt lifetime
broadening analysis in uncoupled samples, consistent with
random size distributions known to exist in colloidal QD
ﬁlms.13 Unfortunately, this method cannot be applied to the
coupled PbS CQD sample which is not amenable to single-peak
Voigt distribution analysis. The inability to ﬁnd an acceptable
Voigt ﬁt for the coupled sample at any temperature is
hypothesized to be indicative of the multiple deexcitation
channel mechanisms associated with simultaneous and possibly
interdependent energy decay pathways. Unlike the essentially
self-conﬁned uncoupled case, additional relaxation degrees of
freedom in the coupled lifetime distribution proﬁles are likely
to involve nearest-neighbor inter-QD interactions in the form
of excited-state electron tunneling (nearest-neighbor hopping
(NNH) migration or a Föster resonance) resulting in photon
emission from another QD. The diﬃculty arises for the coupled
sample due to the expected, more complicated intersystem
crossing network leading to a composite lifetime spectrum
consisting of more than one relaxation mechanism.
The schematic diagram of the PCR experimental setup is
shown in Figure 1. A 10 mW diode laser of 830 nm wavelength
and a beam diameter of ca. 0.1 mm was square-wave modulated
with a function generator. A 1 μm long-pass ﬁlter was placed in
front of the InGaAs photodetector to block the excitation
beam. No short-pass ﬁlter was necessary as thermal infrared

Figure 1. Schematic diagram of the photocarrier radiometry (PCR)
setup for CQD frequency and temperature scans (reproduced with
permission from ref 11).

contributions to the signal were found to be negligible. The
sample was placed on a Linkam LTS350 cryogenic stage, which
allows us to maintain constant temperature in the 77−520 K
range. Since high temperatures would dramatically and
irreversibly change the properties of the PbS CQDs, the
highest temperature for frequency and temperature scans was
set to 300 K. For a coupled PbS QD thin ﬁlm with an average
diameter of 4.2 nm, fabricated through a layer-by-layer process
in which the long oleic acid ligands were displaced by shorter 3mercaptopropionic acid ligands resulting in an interparticle
spacing of ca. 0.5−1 nm,14 the PCR signals were analyzed in
terms of the variationally inverted primitive line spectra and
were found to be dominated by radiative emission channels.11
Nevertheless, the lack of a mathematical methodology to
introduce multipath deexcitation lifetime distributions other
than the primitive line spectra into the variational method has
precluded any distributed and/or simultaneous parallel lifetime
spectra reconstruction from the PCR frequency response and
the emergence of a physical picture in connection with the
mechanisms dominating the spectrum.

■

VARIATIONAL THEORY OF COUPLED COLLOIDAL
QUANTUM DOT EXCITONIC LIFETIME SPECTRA
In this report we develop a generalization of the variational
method introduced by Wang et al.11 for exciton lifetime
reconstruction which can handle simultaneous multipath
deexcitation mechanisms, thereby allowing for unambiguous
physical modeling and the interpretation of the resulting
lifetime distributions using the temperature dependencies of
the peaks and fwhm of the associated Voigt distributions in
coupled CQDs. As there is no diﬀusive transport across the
medium of localized quantum dots, the theory for PCR analysis
resulting in eqs 1 and 2 below was based on rate equations and
was not developed in the diﬀusive limit. The method involves a
two-stage approach to lifetime calculation: First, a discrete
lifetime line spectrum best-ﬁtted to the PCR quadrature (Qchannel) frequency response data is generated from the
aforementioned variational formalism to identify approximate
values and relative strengths of the dominant lifetime peaks on
the relaxation time axis. The reason for considering only the Q
channel of the PCR frequency response is that that phase is
known to be more sensitive than amplitude to the values of
relaxation lifetimes associated with luminescent (radiative)
emission processes in optoelectronic systems.15,16 In addition
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where τi is the most probable lifetime value. The ﬁtting limits of
τi are set to a small range around the corresponding discrete
lifetime values, while the limits of Δτi and βi can be relatively
large. The minimum of the best-ﬁt variance was found by
gradually narrowing the limits and increasing the sweeping step.
Upon best-ﬁtting the PCR frequency quadrature curves, the
results were recast into the signal phase channel (Figure 2b)

to the aforementioned phase channel stability, the phase lag is
self-normalized and absolute (= 0° at low frequencies) and
changes linearly over several decades of frequency, whereas
amplitude absolute values are arbitrary (and therefore not very
useful; only relative amplitude values are meaningful) and
decrease over several orders of magnitude with increasing
frequency, thereby suﬀering from reduced sensitivity to shortlifetime values which require high frequencies to be measured.
Therefore, the following discussion is mainly based on bestﬁtted phase (or, equivalently, quadrature) results. Phase (and
quadrature) further provides a self-referenced baseline value of
zero at low modulation frequencies, f, where ωτ ≪ 1, with ω =
2πf. The PCR Q channel of n frequency-scan data points,
FI(ωi), is inverted through11
n

∑
m=1

βmωiτm 2
1 + (ωiτm)2

= −FI(ωi)

(1 ≤ m ≤ n , 1 ≤ i ≤ n)
(1)

where βm represents the variational coeﬃcients associated with
the process (m) and τm represents the discrete lifetimes
resulting from the inversion. The βm coeﬃcients are optimized
to yield a solution to the n × n matrix represented by eq 1,
resulting from the variational extremization of the functional
associated with the Fredholm integral equation11

∫0

∞

KI(ωτ ) ΨI(τ ) dτ = FI(ω)

(0 ≤ ω < ∞)

(2a)

where ΨI(τ) is the lifetime distribution function and the
imaginary kernel KI(ωτ) is symmetric and given by
ωτ
KI(ωτ ) = −
1 + (ωτ )2
(2b)
Next, the discrete τm spectrum is used as a seed input for the
inversion of the generalization of eq 1 to yield a multipath
Voigt spectrum which assumes arbitrary broadened lifetime
distributions of line width Δτm. The generalized variational
matrix element HI,im is found to be
n

∑ βmHI,im(τm , ωi ; Δτm , Δωi) = SIi(ωi , Δωi)
m=1

(1 ≤ m ≤ n , 1 ≤ i ≤ n)

(3a)

where
SIi(ωi , Δωi) =

∫0

∞

2

FI(ω)e−[(ω − ωi)/ Δωi] ω dω

(3b)

Figure 2. PCR frequency-scan spectra of the coupled samples at
various temperatures. Best-ﬁt curves were calculated from eq 3a. (a)
Amplitudes for the coupled sample. (b) Phases for the coupled sample.
Error bars, when not apparent, are the same size as, or smaller than,
the symbols (reproduced with permission from ref 11).

Δωi is the line width of the Fourier transform of the lifetime
distribution: Δωi = 2π/Δτi. The generalized formalism yields
variationally optimized multiple Voigt lifetime distributions
(peaks and fwhm) which allow the reconstruction of a full
relaxation spectrum including simultaneously operating exciton
deexcitation path mechanisms. Finally, the physical origins of
the multipath lifetime spectrum are identiﬁed using theoretical
models for each simultaneous deexcitation mechanism over
various temperature ranges.
The variational solution can be written as a superposition of a
series of Gaussian probability distributions with peaks at
lifetimes τi (1 ≤ i ≤ n)
n

ΨI(τ ) =

2

∑ βτi e−[(τ− τ )/Δτ ]
i

i=1

i

using eq 3a. The reconstructed spectrum of multiple Voigt
exciton lifetime distributions is shown in Figure 3, where the
maximum value of the distribution function of each peak can be
expressed as ΨIi(τ), 1 ≤ i ≤ 3, as only three dominating lifetime
values were found in the discrete spectrum at 100 K. Good
agreement was observed between the peaks of the Voigt
broadened lifetime distributions and the discrete line spectra,
Figure 3, with respect to time localization, which further
demonstrates the reliability of the variational lifetime spectrum
reconstruction approach. The three center (peak) lifetimes τi

(i = 1, 2, ...n)
(3c)
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Table 2. Variational Distribution Function Values for Peak 1
and the Relative Strength and Strength Ratio
T (K)
300
250
200
150
100

ΨI1(T) (a.u.)

η1 (%)

ξ1 (%)

×
×
×
×
×

100
100
46.56
13.91
1.14

100
61.36
43.04
18.56
5.5

2.97
4.84
6.9
1.6
5.4

104
104
104
105
105

⎡ Ψ (T = 300 K) ⎤
ξ1(T) ≡ ⎢ I1
⎥ × 100%
ΨI1(T )
⎦
⎣

As shown in Table 2, ΨI1(T) increases with decreasing
temperature; however, the relative strength η1 at each
temperature and the peak 1 strength ratio ξ1 decrease
monotonically.
Considering the Voigt distribution results, we ﬁnd that the
decreasing relative strength η1 with decreasing temperature
indicates the emergence of alternative competing exciton decay
pathways at T < 200 K which become increasingly important
and rate-limiting at lower temperatures. At T = 100 K only
1.14% of all excitons decay radiatively through the mechanism
dominating room-temperature decay which is associated with
peak 1. Simultaneously, normalized ratio ξ which physically
represents the fraction of exciton population decaying through
the pathway associated with peak 1 at room temperature to the
same pathway at lower temperatures rapidly decreases as a
result of overall enhanced low-temperature radiative decays and
reaches 5.5% at T = 100 K. The above η1 and ξ1 calculations
indicate that the dominant room-temperature exciton radiative
emission probability is almost 20 times lower than its value at
100 K yet it is only 1.14% of all available radiative deexcitation
pathways at that temperature.
To elucidate the physical processes of exciton decay in the
presence of multiple competing radiative and nonradiative
pathways, we analyze the temperature dependencies of the
lifetime distributions, peaks 1 and 2 (Figure 3), as simultaneous
exciton decay mechanisms.

Figure 3. Variational discrete and continuous multiple exciton lifetime
distribution spectra of a coupled colloidal PbS quantum dot sample,
reconstructed from PCR quadrature-channel frequency-scan data at
various temperatures.

and their line widths Δτi and the variational solution
distribution function ΨI(τ) at ﬁve discrete temperatures
between 300 and 100 K are shown in Tables 1 and 2,
respectively. Using the experimental error bars shown in Figure
2, the maximum and minimum of the standard deviations were
also ﬁtted and resulted in the variances shown in Tables 1 and
3. The small error bars show that our PCR method produces
stable and precise lock-in signals. The peak magnitude in Figure
3 is interpreted as the relative probability of occurrence of an
exciton relaxation event with the given discrete (line) or
broadened (Voigt) lifetime distribution. The appearance of a
shorter lifetime peak (peak 2) at and below 200 K marks the
eﬀective onset of a new deexcitation pathway for PbS CQD
excitons which operates simultaneously with the longer decay
pathway present at and below 300 K (peak 1). As the
temperature decreases, the magnitude of peak 1 diminishes
relative to that of peak 2. With further temperature decreases,
another shorter lifetime distribution (peak 3) appears at T =
100 K while peak 1 continues to decrease in relative terms. To
understand the relative and absolute changes in peak 1 within
the framework of multiple simultaneous deexcitation pathway
lifetime distributions, the following deﬁnitions are made: The
relative strength η1(T) of peak 1 at each temperature
⎡
⎤
ΨI1(T ) ⎥
⎢
η1(T) ≡
× 100%
⎢ ∑3 Ψ (T ) ⎥
⎣ j = 1 Ij
⎦

(5)

■

RECONSTRUCTION OF THE EXCITONIC
MULTIPATH LIFETIME SPECTRUM

Peak 1: Exciton−Phonon Interaction and Thermalization. Wang et al.11 showed that the single Voigt broadened
lifetime distribution in uncoupled PbS CQDs is due to phononmediated exciton relaxation dynamics. The PCR technique can
resolve both radiative and nonradiative decays through the
temperature dependence of the lifetime. A rate equation model
involving radiative (R) and nonradiative (NR) decay channels
was introduced, and the lifetime expressions are reproduced
here

(4)

and the peak strength ratio ξ1(T) at temperature T normalized
with respect to its value at 300 K:

Table 1. Voigt Peak Lifetimes and fwhm at Various Temperatures
T (K)
300
250
200
150
100

τ1 (μs)
0.18
0.62
2.3
4.0
27.00

±
±
±
±
±

0.01
0.03
0.05
0.1
0.05

Δτ1 (μs)

τ2 (μs)

Δτ2 (μs)

τ3 (μs)

Δτ3 (μs)

±
±
±
±
±

0.380 ± 0.005
1.10 ± 0.02
6.50 ± 0.05

0.190 ± 0.003
0.180 ± 0.001
0.270 ± 0.005

1.50 ± 0.05

0.320 ± 0.005

0.110
0.210
0.250
0.300
0.37

0.015
0.005
0.003
0.004
0.01
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Table 3. Summary of Decay Parameters Best Fitted to the Total Decay Rate, Equation 6, for the Uncoupled and the Coupled
Samples
τ

τNR0 (ns)

τRt (μs)

τRs (μs)

m−n

m

ΔE (meV)

τVp
τim
τ1

27.6 ± 3.0
0.010 ± 0.001
0.042 ± 0.03

4.3 ± 1.0
23.4 ± 1.2
87.15 ± 1.2

0.065 ± 0.002
0.039 ± 0.005
0.0216 ± 0.003

0.75 ± 0.11
1.40 ± 0.03
2.07 ± 0.02

2.99 ± 0.15
17.54 ± 1.5
12.88 ± 0.8

19.95 ± 2.9
37.24 ± 0.8
55.06 ± 0.53

1
1
1
=
+
τ (T )
τR (T )
τNR (T )

(6)

where τ(T) is the total exciton relaxation time and
⎡
⎤
1 + (gs /g t )e−ΔE / kBT
⎥
τR (T ) = τRt⎢
⎢⎣ 1 + (g /g )(τRt /τRs)e−ΔE / kBT ⎥⎦
s t

(7a)

τNR (T ) = τNRt(T )
⎡
⎤
1 + (gs /g t )e−ΔE / kBT
⎢
⎥
⎢⎣ 1 + (g /g )(τNRt(T )/τNRs(T ))e−ΔE / kBT ⎥⎦
s t
(7b)
Figure 4. Arrhenius plot of peak 1 total exciton lifetime τ1 best-ﬁtted
with eq 6.

with
ΔE = (m − n)Ep

(7c)

is much lower than in the case of quasi-isolated excitons in the
uncoupled sample where τRt/τRs = 4.3/0.065.
As in the case of uncoupled PbS CQDs, peak lifetime values
of the coupled QD system can be used to probe the exciton
energy manifold and the associated radiative and nonradiative
decay pathways. The temperature-dependent fwhm is sensitive
to exciton interactions leading to energy loss mechanisms.
Speciﬁcally, in PbS CQDs with a short interdot distance
(“coupled”), the peak 1 fwhm is associated with exciton−
phonon scattering leading to exciton delocalization and
trapping in QD surface states. In the statistical thermalization
limit, the probability of exciton trapping, Pt(T), can be
expressed as a result of a trapping rate equation analogous to
electronic carrier trapping in a conventional semiconductor18

τNRs(T ) = τNR0[exp(Ep/kBT ) − 1]n
τNRt(T ) = τNR0[exp(Ep/kBT ) − 1]m

(7d)

τRs and τRt are radiative lifetimes, and τNRs and τNRt are
nonradiative lifetimes of exciton decays from singlet and triplet
states, respectively, into the ground state or a trap state; gs/gt is
the degeneracy ratio (equal to 1/3 in the singlet−triplet case);
m denotes number of phonons emitted from the triplet state,
and n the number of phonons emitted from the singlet state for
the exciton to complete the nonradiative transition and decay
to the ground state; ΔE is the lowest 1S−1S exciton splitting
energy; Ep is the LO-phonon energy which in PbS is equal to
26.6 meV;17 and τNR0 is a time constant for the thermal
(nonradiative) decay of excitonic electrons into a trap or
surface state via the emission of n or m phonons (m > n).
Peak 1 in Figure 3 is characterized by three parameters: the
distribution function ΨI1(T), the center (most probable)
lifetime τ1, and the line width Δτ1 or the fwhm, where fwhm
≈ 1.665Δτ1. The Arrhenius plot of the best ﬁt to eq 6 of τ1,
peak 1, is shown in Figure 4 and the obtained parameters are
listed in Table 3. That table also shows the values of the same
parameters calculated from the Q-channel mean lifetimes (τim)
best-ﬁtted to the discrete variational model used to seed the
spectrum of Figure 3. For reference, it also shows those
parameter values calculated from the Voigt broadening lifetimes
(τVp) of the uncoupled sample. The lowest 1S−1S exciton
splitting energy was found to be 55 meV which is larger than
those found by other groups (∼30 meV8,9) that neglected
nonradiative lifetimes, thereby possibly measuring lower
eﬀective radiative deexcitation activation energies/barrier
heights (eqs 6 and 7) and rendering the transition picture
between the singlet and triplet states through intermediate
interactions with adjacent trap states hard to quantify. The large
coupled sample ratio τRt/τRs = 87.15/0.0216 (Table 3)
physically indicates that the nonradiative recombination rate

Pt(T ) =

Nt(T )
= 1 − e−ET / kT
N0

(8)

where N0 is the total number density of sites or states that can
act as exciton traps and Nt(T) = N0(1 − e−ET/kT) is the number
density of occupied exciton traps. ET is the trap thermal
ionization energy for excitons. At very low temperatures all
traps are ﬁlled and Pt ≈ 1. As the temperature increases, the
probability of exciton trapping decreases and the occupied trap
density also decreases as more excitons are thermally ionized.
This process is mediated through phonon interactions assisting
in exciton detrapping. As a consequence, this mechanism
contributes to exciton decay and lifetime thermalization
broadening. It predicts the following fwhm temperature
dependence:
fwhm(T ) = Δτ0[1 − exp( −E T /kT )] + ΔτI

(9)

Figure 5 shows excellent best-ﬁt results of eq 9 to the fwhm
of peak 1 in Figure 3. The fwhm increases with decreasing
temperature, which is consistent with the increasing exciton
trapping probability or, rather, the decreasing exciton
detrapping probability due to decreasing phonon populations
19488
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τij =

1
= ν−1 exp[2R ij (2m*kB/qℏ2)T0 ]
Pij

(13)

However, this expression would hold only for transition events
without constraints among adjacent excitons which would
exhibit a single tunneling time τij. The fact that hopping kinetics
has been associated with stretched exponential behavior of the
Kohlrausch type23 in quantum dot photoluminescence
intensity21,24
I(t ) = I0 exp[−(t /τ )β ]

is an indicator of a strongly correlated exciton system with
hierarchical constraints, such that faster degrees of freedom
(here, tunneling rates) successively constrain slower ones,
possibly as excited energy states of nearest-neighbor excitons
become occupied and the eﬀective tunneling distance/barrier
Rij increases. This physical situation has been shown to involve
ergodic relaxation times which increase as the temperature
decreases in glassy systems,25 a trend which is also evident with
peak 2 in PbS CQDs. Palmer et al. have shown that in
hierarchical dynamics systems satisfying the foregoing conditions, a relaxation time behavior of type τ ≈ exp[A/(T − T0)]
holds around a characteristic (glass) transition temperature (a
Vogel−Fulcher-type law26,27). In view of the structure of eq 13
an analogous treatment of the tunneling conﬁguration which
satisﬁes eq 14 and the ergodic relaxation time increase with
decreasing temperature leads to a modiﬁed eq 13:

Figure 5. Arrhenius plot of the peak 1 fwhm(T) in Figure 1 best ﬁtted
to eq 9. The ﬁtting parameters are ET = 35.34 meV, Δτ0 =1.66 μs, and
ΔτI = −1.027 μs.

and exciton−phonon interactions. The trap thermal ionization
energy ET was found to be 35.34 meV. Δτ0 is a measure of
lifetime broadening due to the exciton residence time in the
limit of no exciton−phonon interactions, a function of trap
density, and was best ﬁtted to be 1.66 μs, while ΔτI = −1.027
μs is probably associated with PbS QD size distribution
eﬀects.9,11
Peak 2: Exciton Tunneling and Migration. The
appearance of the shorter-lifetime distribution at T ≤ 200 K
is qualitatively consistent with excitonic hopping from smaller
to larger colloidal PbS QDs where excitons relax at faster rates
than those in the original QD, also consistent with the sizedependent radiative decay in PbS CQDs.19,20 Figure 3 shows
that peak 2, like peak 1, shifts to longer-lifetime values with
decreasing temperature following its emergence at or around T
= 200 K. The probability rate Pij (s−1) for exciton-to-exciton
hopping, resulting in transitions from a smaller-QD higher
exciton energy state (i) to a larger nearest-neighbor-QD
unoccupied lower-energy state (j) is
1
= ν exp( −γijR ij)
Pij =
τij
(10)

τij(T ) =

The probability rate for exciton-to-exciton hopping in eqs
10−15 is related to the conﬁnement energy (∼0.1 eV) and the
activation energies (<50 meV).4 Therefore, eq 15 can be
simpliﬁed for temperatures T ≫ T0 such as those used in our
experiments as
τij(T ) =

1
= ν−1 exp[2R ij Aij (2m*kB/qℏ2)T0/T ]
Pij

(16)

Aij is associated with the number of excitons at level Ei which
attain a particular state Ej following a tunneling event. This
equation is of the form
⎡⎛ CT ⎞ p⎤
τ2(T ) = τ0 exp⎢⎜ 0 ⎟ ⎥
⎣⎝ T ⎠ ⎦

(17)

with p = 0.5. This theoretical prediction is in excellent
agreement with the experimental result p = 0.48 derived from
peak 2 as shown in Figure 6. This result is also consistent with
Romero and Drndic,6 who reported the temperature-dependent
hopping conductivity domination of exciton transport in PbSe
QDs where a thermally activated process controls charge
transport when T > 265 K. When T < 200 K, conduction was
found to be due to Efros-Shklovskii VRH with a typical T−1/2
dependence of the conductivity, increasing the charge carrier
probability for hopping across distant dots.28 As T decreases
below 200 K, the transport of excitons from a smaller QD at a
higher-energy state to a lower-energy state of nearby larger
QDs was found to become more eﬃcient.
Peak 3 emerges in Figure 3 at 100 K, which represents the
limit of our experimental cryogenic capabilities. However, lower

(11)

where m* is the eﬀective mass in the barrier layer, V is the
energy barrier height, and Ei is the quantum energy level of the
tunneling exciton. In a thermodynamic bath of temperature T,
one may expect the amount of energy required for barrier
height climbing and inter-QD tunneling to be supplied by a
characteristic thermal energy of the ambient (colloidal)
medium
q(V − Ei) = kBT0

1
= ν−1 exp[2R ij A(2m*kB/qℏ2)T0/(T − T0) ]
Pij
(15)

where ν is the attempt frequency, Rij is the distance between
QDs i and j, and γij is related to the energy barrier which
separates the QDs at sites I -and j.21 Given that the PbS interQD space is ﬁlled with a nonconducting colloid, hopping can
be identiﬁed with tunneling from one excitonic wave function
to that of a neighboring exciton, in which case Rij can be
thought of as the barrier thickness and the tunneling probability
rate can be written in the WKB approximation as22
Pij = ν exp[− 2R ij (2m* /ℏ2)(V − Ei) ]

(14)

(12)

Therefore, eq 11 can be written in terms of the tunneling time
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Figure 6. Arrhenius plot of ln(τ2) (peak 2 in Figure 1), best ﬁt to eq
17. Slope p = 0.48.

temperatures are needed to probe the physical processes
associated with this peak.
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CONCLUSIONS
A generalized variational inverse method capable of resolving
simultaneous multipath deexcitation mechanisms of coupled
(interacting) PbS CQD samples was developed and applied to
the reconstruction of continuous excitonic lifetime Voigt
spectra using the phase of frequency-scanned laser photocarrier
radiometry. From two reconstructed lifetime peak sequences in
the temperature range of 300 K ≥ T ≥ 100 K, it was found that
overall radiative deexcitation is greatly enhanced at low
temperatures. However, at T = 100 K only 5.5% of all excitons
decay radiatively through the mechanism dominating roomtemperature decay. The fraction of exciton population decaying
through the available pathways at room temperature rapidly
decreases at lower temperatures as the result of overall radiative
enhancement, and reaches only 1.14% at T = 100 K. The
analysis of Voigt lifetime distribution peak 1 and its associated
fwhm over the full 300−100 K range was consistent with
exciton−phonon-mediated radiative and nonradiative decay
channels, whereas lower-temperature Voigt lifetime peak 2 and
its fwhm identiﬁed exciton tunneling and migration from small
QDs at a higher energy state to lower energy states of nearby
larger QDs as the dominant deexcitation mechanism. The two
simultaneous peak sequences further yielded much lower
nonradiative recombination rates for coupled PbS CQDs than
for uncoupled samples, thereby making the PCR-phase lifetime
reconstruction method a probe and control which can be used
to optimize lead salt CQD solar-cell fabrication design through
improved understanding and chemical-fabrication-controlled
minimization of nonradiative carrier losses which currently limit
photovoltaic eﬃciency.
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