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Abstract. Cross-correlation photoacoustic spectroscopy (CPAS) of condensed matter carries 
spectroscopic information related to the optical absorption coefficient of solids in both signal 
magnitude and time delay channels. A one-dimensional theoretical model is presented 
in which the cross-correlation photoacoustic response to pseudo-random-binary-sequence 
(PRBS) optical excitation is evaluated for systems of variable optical absorption coefficients. 
The model is further compared to CPAS data from powders of Hoz03 in the visible spectral 
range. 

1. Introduction 

Correlation photoacoustic spectroscopy (CPAS) is a relatively new technique. first 
reported in 1980 (Kato er a1 1980). In that work and subsequent publications (Sugitani 
eta1 1982, Kirkbright et ul1983a, b ,  Kirkbright and Miller 1983) the main emphasis was 
given to establishing the potential of CPAS as a technique capable of performing depth 
profiling and thermal wave imaging in layered solids in a qualitative fashion. The 
spectroscopic abilities of CPAS were also investigated qualitatively simultaneously with 
its depth-profiling character (Kato et a1 1980, Sugitani et a f  1982, Kirkbright et a1 1984a, 
b, Uejima et af 1985). Correlation photoacoustic spectroscopy was thus shown to be able 
to produce spectra of solids when the wavelength of the exciting radiation was scanned. 

The only theoretical attempt to quantify the depth-profiling capability of CPAS up to 
now was made by Uejima et a f  (1984). The results of the thermal model proposed by 
these authors were empirically fitted into experimental data from the cross-correlation 
peak time delay against sample thickness plot and the agreement was found to be 
satisfactory. 

The spectroscopic character of CPAS has not been investigated systematically and/ 
or quantitatively. The experimentally obtained photoacoustic spectra, however, are 
expected to be subject to limitations such as photoacoustic saturation (Rosencwaig and 
Gersho 1976) and microphone frequency response (Mandelis and Royce 1980). Sugitani 
et a1 (1982) showed that the cross-correlation function of the input and the resultant 
output function of a randomly excited system is equal to the impulse-response function 
of the linear system. It is, therefore, expected that the equivalent-pulse duration of a 
pseudo-random binary sequence ( PRBS) optical excitation will affect the cross-cor- 
relation PAS response of the system in both magnitude and time delay (Mandelis and 
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Royce 1979). In this paper we present a theoretical study of the optical absorption 
coefficient-dependent CPAS signal and we compare the results of our model to exper- 
imental spectroscopic data from holmium oxide (Ho203) powders. We thus determine 
under what conditions CPAS can qualify as a quantitative spectroscopic technique, 
capable of measuring optical absorption coefficients unambiguously. 

2. Theoretical pseudo-random response of the microphone-gas photoacoustic cell 

A one-dimensional model similar to one employed previously (Mandelis and Royce 
1979, 1980) is assumed (figure 1). Optical, acoustic and thermal processes occur in a 
microphone-gas-coupled photoacoustic cell excited by a PRBS optical pulse train (Sugi- 
tani et aZ1982). The absorbing solid of thickness f, having an optical absorption coefficient 
P ( A ) ,  is supported by an assumed optically transparent backing. The cell, of length L ,  
contains an optically transparent gas, such as air and the optical pulse train enters the 
cell through a non-absorbing window. The light pulse irradiance is I o  and the non- 
radiative de-excitation processes following light absorption in the solid are taken to be 
instantaneous. For small enough cells the presssure inside the sample chamber (i.e. the 
photoacoustic signal) is assumed to be uniform throughout the cell and to exhibit no 
delays due to the finite velocity of sound. 

I n c i d e n t  l ight 
PRBS pulse train 

X . - /  x . 0  x = L  

Figure 1. One-dimensional geometry of CPAS sample cell for theoretical model. 

Under these conditions, the thermal diffusion equations for each of the regions of 
the cell can be written as follows: 

a 2  i a  
- T (x, t )  - - - T&x, t )  = 0 ax2 ag a t  

O G X G L  

- 1 s x s o  a 2  l a  W O  
ax2 as a t  k, 
- T,(x, t )  - - - T,(x,  t) = - - exp(Px)F(t) 

a 2  l a  
- T&, t )  - -- T&, t )  = 0 ax2 ab at x s -1. 

In equations l(a)-(c), T,(x ,  t )  are the temperatures of the gas (i = g), sample (i = s) 
and backing (i = b), respectively. The symbols (yi, q ,  k ,  denote thermal diffusivity of 
component (i), quantum efficiency of the non-radiative processes in the solid and thermal 
conductivityofthe solid, F ( t )  is the PRBslight modulation wavetrain (figure 2). Equations 
l(a)-(c) are coupled by the boundary conditions of temperature and heat flux continuity 
at the interfacesx = 0, -1. In the time domain, solutions can be obtained in the Laplace 
space s by taking the Laplace transforms of equations (1). The temperature profile in 
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Figure 2. Theoretical normalised pseudo-random binary sequence (PRBS) optical excitation 
wavetrain incident on the sample. Total number of pulses in sequence is N = 127; duration 
of thejth pulse is At; = t2,-1 - tZ,-*. 

where 

r = P/a, bij 3 kiai/kjaj ai = (s/ai)”* (4) 

and &) is the Laplace transform of the PRBS optical wavetrain. Equation (2) is a special 
case of a previously derived more general expression (Mandelis and Royce 1979), valid 
in the limit of a thermally thick sample chamber, i.e. for 

ag s L-1 

which translates to detection times such that 

t-e L2/ag = = &. 
& is the characteristic diffusion time required for thermal energy to cross the distance 
between the sample surface ( x  = 0) and the cell window ( x  = L ) .  

The Laplace transform of the incremental pressure rise in the sample cell due to the 
gas temperature rise is given by (Mandelis and Royce 1979): 

where To is the ambient temperature. In deriving equation (6) the ideal gas law was 
assumed. The result of the integration over the cell length is 

AP(s) = (-) PO A(s)  
To L @g 
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Equation ( 7 )  can be inverted explicitly to yield AP(t) only in special cases. Exper- 
imentally, a very important special case is that of a thermally thick sample, for which 
exp( - a,l) = 0. This is frequently the limit of a physically thick sample with poor thermal 
conduction properties (i.e. low a,). In the time domain, this limit can be achieved for 
any sample, provided the experiment is performed within a maximum time t,,, such that 

tmax 6 12/a, = rg (8) 
where ‘4 means ‘at least one order of magnitude’, and tb is the thermal diffusion time 
to the back of the sample. Under condition (8), equation (7) simplifies to 

In order to relate the theoretical expression (9) to experimental data from cross- 
correlation studies, the frequency response of the photoacoustic transducer (micro- 
phone) must be taken into account. It can be shown (Mandelis and Royce 1980) that 
the Laplace transforms of the microphone voltage response, AV(s),  and the PAS cell 
pressure, A&), are related through 

in the linear regime of the microphone frequency response curve (i.e. well below 
resonance). In equation (lo), A .  is the area of the microphone diaphragm, E is the 
microphone polarisation voltage. m is the mass of the diaphragm, U, is the undamped 
natural angular frequency of the transducer, and tRC is the RC time constant of the 
resistive/capacitative electrical circuit of the microphone. Equation (lo),  when taken 
for times large compared to tRC (-30 ms for the 118 in B & K condenser microphone 
model 4138) becomes 

AV(,) =r GSAP(S) (11) 

G = E(AosRc/wkm)  = constant. (12) 

with 

Using equations (9) and (ll), the integral form of the inverted time-domain response 
is (Spiegel 1965) 

1 - Io‘ F(u)  exp[(t - u ) / s p ]  erfc[(t - u ) / t a ] ” *  du 

where 

Y(p)  = P , I o ~ ~ ~ , c u ~ ” / T o L k ,  

and 
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Figure 2 shows that the PRBS optical wavetrain can be expressed symbolically in the 
form: 

.v 

F(t )  = IC f,(t) 
,=1 

where Nsquare optical pulses were assumed, the duration of thejth pulse being variable 
and given by 

AT, = t2i-l - t21-2 (17) 

with ro = 0. The pseudo-periodic wavetrain repeats its random sequence after a time 
interval 

T = 52.1.- 1 .  (18) 

The intensity (height) of each pulse in figure 2 is unity, to be multiplied by lo, which is 
incorporated within Y(p)  as a factor common to all pulses. 

Introducing equation (16) into (13), and carrying out the integrations, yields the 
following expression for the photoacoustic response to the PRBS excitation: 

where 

with 

It is easy to show that the expressions valid for T ~ ~ - ~  9 t <  T ~ ~ - ~  and €or t 2 r2\ in 
equation (19) coincide for t  = tZV-  1, as expected. The characteristic time tp of the solid, 
defined in equation (15) corresponds to the thermal transit time from a depth in the solid 
equal to the optical absorption length, [p(A)]- ' ,  at a given wavelength (Mandelis and 
Royce 1579). It ought to be emphasised that the expression for the photoacoustic 
response to a pseudo-random optical excitation, equation (19), is generally valid for any 
values of the optical absorption coefficient /3, as long as the sample and the cell are 
thermally thick (Rosencuaig and Gersho 1976). 
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3. Signal cross-correlation theory applied to PAS 

The cross-correlation technique is a stochastic process based on the premise that one 
variable x ( t )  can influence the future value of another variable y ( t ) .  In the particular 
application of CPAS 

x ( t )  = F(t )  (21) 
and 

The cross-correlation function of these two time-varying signals is denoted by RN and 
is defined by the relationship (Godfrey 1980) 

Tis  the pseudo-period given in our model by equation (18) and both F(t)  and V ( t ;  zp) 
are assumed to be zero-mean, weakly stationary, ergodic random signals. Some of the 
most important properties of RN have been discussed by Godfrey (1980). In order to 
perform cross-correlation calculations numerically using a computer, certain modi- 
fications must be made to equation (23): 

n - r  

where 

zr = rAf 

At = 1/SR 

and 

r = 0 , 1 , 2 , .  . . ,e .  
SR is the sampling rate used in the data acquisition, n is the number of samples taken of 
data pairs, r is an integer greater than or equal to 0, and Q is the number of cross- 
correlations calculated. For a good estimate of the cross-correlation function, Q should 
be less than 10% of n. If F(t) is a genuinely random function of time (e.g. white noise), 
then its autocorrelation function is proportional to the Dirac delta function. In the 
microphone-gas coupled PAS, the presence of acoustic noise in the cell in addition to the 
PAS signal results in a composite response 

W(t; t p )  = V(t; t p )  + n( t )  

so that (Godfrey 1980) 

R,(c zp)  = R N ( T  zp)  + R F n ( 4 .  (28) 
As F(t) and n(t) are statistically independent from each other, in the limit T+ x it is 
expected that RFn + 0, i.e. 

RFW(z; q?) = R,(t; q?) T +  a. (29) 



CPAS studies of solids 2335 

The problem of generating a truly random noise excitation was overcome by generating 
a pseudo-random optical wavetrain, which has the same type of autocorrelation function 
as white noise (i.e. a Dirac-type impulse), but which is repeated with a pseudo-period 
T. The PRBS was chosen for this work as a pseudo-random excitation based on a maximum 
length linear shift register sequence (M series), the light modulation sequence given by 
(Golomb 1967) 

N = 2 " - 1  (30) 
with n = 7 (Sugitani er a1 1982), and N = 127 representing the length of the pseudo- 
period 

T = Nto. (31) 

ro is the minimum time interval in the sequence. All optical pulses in the sequence are 
integral multiples of ro .  

4. Spectroscopic apparatus and materials 

A schematic diagram of the experimental apparatus is shown in figure 3. Light sources 
used for optical excitation of the samples were a 1 mW He-Ne laser and a 1000 W xenon 
lamp (Oriel model 6141 with photo-feedback control). For CPAS measurements, a special 
PRBS light chopper was made based on equation (30) and similar to the one used by 
Sugitani et a1 (1982). The chopper blade, machined out of a in thick black anodised 
aluminum plate, was fitted to the chopper blade holder of an AMKO model OC 4000 
mechanical chopper. This allowed controllability of the rotation frequency of the PRBS 
chopper via calibration of the motor drive digital display through an LED located at the 
base of the chopper blade holder. The quartz beamsplitter was used to direct a fraction 
of the radiation to the uv-enhanced photodiode (Silicon Detector Corp. model SD-100- 
13-13-022), whose signal, when amplified by a Keithley model 427 current amplifier, was 
used as theF(t) in equation (23). The output of the photoacoustic cell, EG & G Princeton 
Applied Research model 6003 and matching preamplifier model 6005, was further 

r 8 , 
Xenon lamp 

laser 
Monochromoior - - -  

Chopper 

\Beam sp l i t t e r  r 1  

I 

V ( t ; T p l  

Figure 3. CPAS microphone-gas-coupled experimental apparatus. 

Pre - amplif ier 
(PAR 60051 

, 
ITHACO 1201 

ampl i f  i e r l  
f i l t e r  



2336 A Mandelis and J T Dodgson 

filtered through an Ithaco model 1201 low noise preamplifier/bandpass filter. A DEC 
PDP 11/23 computer was interfaced to the experimental set up with the aid of a data 
translation AD converter (model D T  3392). This is a 12 bit converter operational at 
frequencies up to  125 kHz for two channels. Cross correlations were performed digitally, 
based on equations (24)-(29). 

The materials used for spectroscopic investigations were carbon black powder (Xerox 
toner) as a reference, and Ho203 powder (Aldrich Chemical Co., 99.9% purity). This 
rare earth oxide was chosen for the strong and sharp transition peaks it exhibits in its 
visible absorption spectrum, as a means of detecting the variation of the absorption 
coefficient (Schoonover et a1 1984); it was also used in a powdered form due to the high 
surface-to-volume ratio of the particulates, which enhanced the CPAS signal-to-noise 
ratio (SNR) considerably. The spectral region chosen for Ho203 CPAS was between 420- 
515 nm, as the Ho3+ ion exhibits a strong broad absorption band for the 8 nm resolution 
of our experiments. This broad band, in fact, consists of spectral peaks given the 
assignations 'F, (474 nm), 3K8 (464 nm), 5G6 (457 nm), and 5G5 (450 nm). Of the four 
peaks, all of which were resolvable with our apparatus at 2 nm resolution, the first peak 
appears as a broad shoulder and the last three are broadened to form the observed broad 
band at the 8 nm resolution level. 

5.  Experimental and results 

For reasons of comparison between experiment and CPAS theory, the thermal diffusivity 
and optical absorption spectrum of Ho203 were measured using a conventional fre- 
quency-domain photoacoustic (F-D PAS) spectrometer described elsewhere (Mandelis er 
a1 1984). In order to use the well known method of thermal diffusivity calculation from 
the slope of the PAS phase against frequency curve (Adams and Kirkbright 1977a, b), a 
thin layer of Ho203 powder (39 I 10 pm) was deposited on a carbon black backing and 
irradiated with 515 nm light, i.e. in a spectral region where the optical absorption 
coefficient has a minimum (Schoonover et a1 1984). In this manner the Ho203 thin 
layer was expected (and later proven) to be optically transparent ( p l =  2 x 
Transparency was verified by examining two PAS spectra spanning the 420-520 nm 
region at 50 and 100 Hz. Comparison of the ratio R, of the two peak signals at 450 nm 
and that of the two valleys R, at 515 nm showed that the valley signals contained a strong 
component from the underlying carbon black: 

R,(50 Hz/100 Hz) = 2.2 < R,(50 Hz/100 Hz) = 4.67. 

Figure 4 shows the F-D PAS phase data obtained from the Ho203 thin layer for 515 nm 
illumination at chopping frequencies betweenf = 50 and 200 Hz. Phase differences AY 
were measured with the sample in place and with an empty holder. The thermal diffusivity 
of Ho203 was calculated, assuming the powder to be transparent and using the equation 
(Adams and Kirkbright 1976, Mandelis et a1 1979) 

AY = [ ( ; ~ / & , ) " l ] f ' ~  

A least-squares fit to the data in figure 4 gave a slope value from which the thermal 
diffusivity was found to be 
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Figure 4. Least-squares fit to the plot of F-D PAS phase lag against the square root of 
modulation frequency for 39 2 10 pm thick Ho,O, powders on black backing. Irradiation 
wavelength: 515 nm. 

To our knowledge, this is the first ever calculation of the thermal diffusivity of Ho203. 
Comparisons can be made, however, to other rare earth oxides. The literature values 
foryttriumoxide (Y203) ,  samariumoxide (Sm203), erbiumoxide (Er203) ,  andlutetium 
oxide (Lu203)  are (Gemlin 1974), respectively: 0.015, 0.0049, 0.012 and 0.014 cm2 
s-l at 20 "C. The determined value for H o 2 0 3  certainly fits into this range and was 
subsequently used in our theoretical calculations. 

The values for the optical absorption coefficient were determined by normalising the 
F-D PAS holmium oxide spectrum to a single value for p(446 nm) calculated from a recent 
work by Carlson and Hodul(1982). From that study, the value of /3 at 446 nm can be 
found to be 22.44cm-lwith2nm resolution. The normalisedoptical absorptionspectrum 
of Ho203 powder in this work (8 nm resolution) is shown in figure 5 .  

Figure 6 shows the CPAS visible spectrum of the Xerox toner normalised by the xenon 

30 
Wavelength inm) 

Figure 5.  Effective optical absorption spectrum of Ho,O, powders determined pho- 
toacoustically with 8 nm resolution, using data from Carlson and Hodul(l982). 
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-0 Wavelength (nm) 

Figure 6 .  Cross-correlation function (CPAS spectrum) of normalised signal from Xerox toner. 
Chopper speed: 6 rev s-'; pre-amp filter bandpass: 30-10 kHz. 

lamp, beamsplitter and photodiode optical transfer functions, with the cross-correlation 
time delay as a parameter. The spectrum exhibits photoacoustic saturation, as expected 
from optically opaque and thermally thick solids (Rosencwaig and Gersho 1976). 

Figure 7 shows the autocorrelation of the PRBS chopper under He-Ne laser excitation. 
The autocorrelation function peaks at z = 0 s and becomes negative at -c = 1.35 ms at a 
rotational chopper frequency of 6 Hz. The time oscillatory behaviour of this function is 
typical of autocorrelations corresponding to band-limited white noise spectra (Crandall 
and Mark 1963). The autocorrelation function's characteristic time of 1.35 ms for sign 
change is in very good agreement with the smallest time unit to = 1.31 ms of the PRBS 
chopper at 6 Hz, to which it is expected to be theoretically equal (Godfrey 1980). 

Figure 8 shows the 632.8 nm CPAS signal for the Xerox toner at various PRBS chopper 
blade speeds. This figure indicates a decrease in the magnitude of the cross-correlation 

-40 1 I I I 

0 2 4 6 8 10 12 
T ime delay (ms) 

Figure 7. Autocorrelation function of the PRBS chopper. 
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Figure 8. CPAS signals from Xerox toner at 632.8 nm and various PRBS chopper speeds in 
rev SKI: +, 6; x , 8 ;  0 , l O ;  t , 12; X, 14; Z,16; Y , l S ; g  20. 

function with increasing rotational frequency, as well as a decrease in the peak time 
delay. Similar trends were previously observed by Sugitani and Uejima (1984). Com- 
paring values, the peak time delay observed by these authors was 0.5 ms at 12 rev s-l 
compared to 0.63 ms obtained in our experiments. This small difference can be easily 
attributed to the different experimental set-ups, and primarily to different microphones 
and signal processing devices (our computer/mathematical cross correlation compared 
with their time-delay-unit/analog cross correlation). 

The holmium oxide powder CPAS spectrum is shown in figure 9 with the delay time 
as a parameter. The three-dimensional surface shows the expected strong absorption 

Wavelength I n m )  

Figure 9. Cross-correlation function (CPAS spectrum) of normalised signal from Ho203 
powder. Chopper speed: 6 rev s-'; pre-amp filter bandpass: 30-10 kHz. 
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Figure 10. Cross-correlation function of Ho,O, at various wavelengths: +, 450 nm (/3 -- 22.4 
cm-'); x.446 nm (/3 = 1 6 . 6 ~ 1 ~ - I ) ;  0,442nm(/3  = 6.5 cm-'); t ,438 nm (/? = 5.5 cm-'). 

between 445 and 470nm flanked by relatively transparent regions. In the strongly 
absorbing region and behind the frontal peaks, a depression mirroring the peak intens- 
ities can be seen. We believe this depression to be due to the microphone 'flyback' effect, 
which has been observed in the impulse-response studies of Cox and Coleman (1981). 
These authors found that in impulse-response PAS, the signal depression below the base- 
line noise level after the end of the optical pulse was due to the fact that the microphone 
would overshoot the actual pressure in the cell because of the rapid change in pressure 

120 
I 

I 
100 i- 

IO 
Wavelength (nm) 

Figure 11. F-D PAS (-A-) amplitude at 50 Hz and CPAS (-0-) magnitude at 6 rev s-I. 
Both curves were artificially matched at 440 nm. 
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with strongly absorbing samples. This effect can be ultimately traced to the mechanical 
inertia of the microphone diaphragm itself. 

The CPAS function for Ho203 at various absorption coefficient values between 436 
and 450 nm is shown in figure 10. In this spectral region the powder changes from 
optically transparent to opaque. With the value for ( Y ~ ~ ~ ~ ~  given by equation (33) and a 
sample thickness of approximately 1.6 mm, the sample was found to be thermally thick 
at all times during a cross-correlation experiment: the thermal transit time through the 
sample thickness was calculated to be 4.12 s,  much greater than the longest light pulse 
duration of 9.2 ms. In figure 10 the CPAS magnitude decreases with decreasing p. 

Figure 11 shows a comparison between a F-D PAS spectrum of Ho203 (photoacoustic 
amplitude) taken with lock-in detection at 50 Hz and the CPAS average magnitude of 20 
cross-correlations, at the peak time delay taken at 6 rev s-l .  The detailed agreement of 
the spectral features across the transition band confirms that the peak magnitude of the 
CPAS gives optical absorption information equivalent to the conventional F-D PAS. 

6. Discussion 

The optical absorption coefficient values calculated for H o 2 0 3  and shown in figure 5 
span two orders of magnitude (0.38-22.44 cm-’) and can thus provide a broad range for 
testing the spectroscopic capability of CPAS. For comparison with our theory, it would 
have been more desirable to use single crystalline materials, which could be assumed to 
be truly one-dimensional with respect to their optical and thermal properties. Pre- 
liminary tests with CdS single crystals unfortunately exhibited SNRS too low for the 
quantitative purposes of the present work, even at super-band-gap excitations. Spec- 
troscopic data of hydrated Ho203 pastes showed no difference from the powdered 
samples and subsequently the powders were treated as one-dimensional samples. 

Tilgner (1981) has raised some valid objections, however, as to the nature of the 
photoacoustic spectra of powders and their (often implicitly assumed) correspondence 
to optical absorption/transmission spectra. In principle, the F-D PAS scales with the 
optical absorption coefficient when the thermal diffusion length, ps = (~CY~/U)’’~,  is 
smaller than the optical absorption depth, pg = p-’, according to Rosencwaig and 
Gersho (1976). Hass et a1 (1959) evaluated the optical properties of evaporated rare- 
earth oxide films, such as Nd2O3 and La203,  in the wavelength region between 0.22 and 
2 pm. From the measured extinction coefficient (i.e. the imaginary part of the refractive 
index), the optical absorption coefficients for Nd2O3 and La203 can be calculated at 
400 nm: 

PNd203 (400 nm) = 6.3 X lo3 cm-’ 

pLa2o3 (400 nm) = 3 X lo3 cm-’. 

These values imply optical absorption depths of 1.6 and 3.3 pm, respectively. Tilgner 
(1981) has pointed out that the condition ps < pg can only be satisfied for modulation 
frequencies in the megahertz range and higher for rare earth oxides. At lower frequencies 
rare-earth oxide powders should normally be saturated photoacoustically. Tilgner attri- 
buted the apparent spectral features exhibited by these oxides under the PAS probe 
to the effect of wavelength-dependent strong surface reflections, with corroborating 
evidence from diffuse reflectance measurements on Nd203 and Ho203. The net effect 
of Tilgner’s work is that the PAS spectrum from Ho203 essentially duplicates the diffuse 
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reflectance spectrum from this material, which does contain spectral information about 
the sample. Our CPAS results and those of Carlson and Hodul (1982) also show that 
Ho203 powders behave as a photoacoustically non-saturated solid with an effective 
variable optical absorption coefficient throughout the spectral region of interest accord- 
ing to figure 5 ,  in agreement with the assumptions of the theory presented in § 2 above. 

The experimental CPAS data were further compared to predictions from our model. 
Utilising the values for aHoZo3 and PHa203(A) found in our experiments, the cross- 
correlation function was calculated for a particular F(t )  input and an output V(t; rB) 
predicted from the theory, equation (19). In order to model our experiments as closely 
as possible, the PRBS sequence that was used in the experiments was also modelled as 
F(t )  in the theoretical analysis. The PRBS was broken down into 1270 discrete time 
intervals, just as in the experiments, and the resulting theoretical microphone response 
was cross correlated numerically with the PRBS optical excitation wavetrain. Each series 
of calculations was made of a duration equal to one rotation of the chopper blade, and 
was repeated 20 times at different starting positions of the wavetrain in order to model 

20 I 
i 

-4 
0 2 4 6 8 10 12 ' 

Time delay imsi 
I 

Figure 12. Theoretical cross-correlation function for optically opaque solids with the chopper 
speed as a parameter: U, 6 rev SKI; 0 , l O  revs-'; *, 14 rev s-l; A, 18 rev s-'. 

the different starting positions which occurred in the experiments. From this procedure, 
the mean and standard deviation of the cross-correlation function and of the peak time 
delay were determined. 

Figure 12 shows the theoretical CPAS results of the chopper speed variation for an 
optically opaque sample ( rs = s). A decrease of the peak magnitude with increasing 
rotation frequency is observed, with a peak delay time at t = 0 s. The former observation 
is a trend qualitatively similar to the one observed experimentally with the Xerox toner 
(figure 8). The zero time delay is due to the large value of P chosen for the theory. For 
the large value of p chosen, the calculated pressure variation in the cell depends strongly 
on the surface temperature of the solid, whose variations follow the incident light 
intensity variations so closely (Mandelis and Royce 1979), that the cross correlation of 
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Figure 13. Theoretical CPAS signal showing the effects of p variation: G, lo6 cm-'; 0, 10' 
cm-I; *, lo3 cm-I; W ,  lo2 cm-'; A, 10 cm-I. 

the input and output signals approximates the autocorrelation function of the input light 
intensity wavetrain. This function is known to peak at t = 0 s for PRBS signals (Godfrey 
1980). The cross-correlation function magnitude decreases with increasing chopper 
frequency, because a smaller amount of total optical energy is imparted to the material 
over one pseudo-period T. This is equivalent to the well-known signal amplitude 
decrease with increasing modulation frequency in F-D PAS (Rosencwaig and Gersho 
1976). The error bars on the theoretical curves of figure 12 are due to the different 
starting positions along the PRBS sequence for the 20 cross correlations whose averages 
are shown in this figure. 

Figure 13 shows numerical results of the effect of /3 variation on the CPAS theory. 
From this figure it can be seen that the cross-correlation function approximates a triangle 
function, i.e. an autocorrelation, for /3 5 lo4 cm-'. Furthermore, the time evolution of 
the cdrrelation function becomes essentially independent of /3 for the same range of 
values. a phenomenon consistent with CPAS saturation. As /3 decreases, so does the CPAS 
magnitude, in qualitative agreement with our experimental results for Ho203, figure 10. 
The curve crossing of figure 13 is due to the fact that solids with smaller /3 contribute 
energy to the pressure wave, and therefore to the cross-correlation function, from deeper 
within the sample than those with higher /3. The thermal energy of opaque spectral 
regions is essentially deposited at the surface and is conducted into the gas more rapidly 
than that of more transparent regions. Similar crossovers were observed experimentally 
(figure 10). Figure 13 also shows an increase in the peak time delay with decreasing /3. 
The calculated values for this delay lie between 0 and 0.45 ms for the five CPAS curves 
shown. 

Using the experimentally determined a; and P ( A )  values, the theory was further 
applied to Ho203. The results of the theory are illustrated in figures 14 and 15. Com- 
parison of figure 14 with figure 9 indicates that the theory predicts the experimental 
results well, but for the 'flyback' microphone effect and the absolute value of the peak 
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Figure 14. Theoretical cross-correlation function (CPAS spectrum) of normalised signal from 
Ho20, powder. Chopper speed: 6 revs-’. 

time delay. Figure 15 is also in general qualitative agreement with figure 10. The apparent 
discrepancy in the value of peak delay times between these two figures will be discussed 
below. The microphone ‘flyback’ effect, which is assumed to cause the crossing of the 
curves in figure 10, is also absent from figure 15. 

Figure 16 shows a comparison between the CPAS peak magnitude obtained from 
Ho203 experimentally at 8 nm resolution, and theoretically using our model with the 
calculated values of as and /3(A).  The agreement is very good except for the highest p 
values, and indicates that the theory presented above can adequately describe the 
spectroscopic capabilities of CPAS. The departure of the theoretical curve from the data 
points at high ps has been attributed to the difference between the values of p used in 
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Figure 15. Theoretical cross-correlation function of Ho203 at various wavelengths: M, 450 
nm; 0 , 4 4 6  nm; e, 442 nm; A, 438 nm. 
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Figure 16. Wavelength dependence of the CPAS magnitude of Ho203 at the peak delay 
time. A, experimental; -A-. theoretical. 
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Figure 17. (a) CPAS average peak time delay for Ho,O,: theoretical and experimental curves. 
(b) Effective optical absorption spectrum of Ho,03 corresponding to (a) and calculated from 
F.D PAS spectra at 50 Hz modulation frequency. (c) CPAS average peak time delay for Xerox 
toner. Experimental curve. 
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the model in this rapidly varying spectral region and the actual /3 values, which our 8 nm 
resolution spectrometer could not accurately measure. 

Figure 17(a) illustrates how the maximum time delay of the cross-correlation function 
changes with wavelength for both experiment and theory. Figure 17(b) is the optical 
absorption spectrum of Ho203 powder from F-D PAS data corresponding to the same 
spectral region. Both theory and experiment show that as the optical absorption coef- 
ficient (and F-D PAS signal) decreases the peak time delay increases. This effect is 
consistent with the longer time delay ts required for heat produced in the bulk to reach 
the sample surface at larger optical absorption depths. The varying time delay with /3 in 
CPAS can be thought to be analogous to the phase lag of the signal in conventional F-D 
PAS. The experimental results in figure 17(a) exhibit increased standard deviations in the 
optically transparent region below 443 nm due to the substantially decreased SNRS 
and the partial inability of the mathematical cross correlation to annihilate the noise 
component within one pseudo-period T. The trend for increasing time-delay mean 
values is very reproducible, however, and should be compared to the time delays 
observed for the photoacoustically saturated Xerox toner in figure 17(c). The opaque 
regions of Ho203 have associated experimental peak time delays close to the (approxi- 
mately) constant time delay t = 1.25 ms of Xerox toner, as expected. While both theory 
and experiment are in reasonable agreement with respect to the change in peak time 
delay with absorption coefficient, the numerical values for the peak time delays between 
the two were found to differ substantially (figure 17(a)). This discrepancy is believed to 
be caused by the experimental apparatus itself, notably the roll-off in the microphone 
frequency response above approximately 10 kHz, which coincides with the earliest 
measurable cross-correlation times t i n  our experiments. A more complete, albeit more 
complex, theoretical approach would use equation (lo), rather than its simplified version 
equation ( l l ) ,  in the response function formalism. Other sources of discrepancy most 
likely include the fact that the experimental PRBS optical wavetrain consisted of somewhat 
rounded, rather than square wave, pulses due to the finite spatial extent of the light 
sources used and especially the xenon lamp filament image. The effect of the frequency 
selection of the filter bandwidth Am and the averaging time interval T were calculated 
assuming an ergodic random process with a relative fluctuation in the measurement z .  
The expression (Morrow 1958) 

aZ = E ( Z ) / ( A C O T ) ~ / ~  (34) 

was used, where E ( z )  is the mean value of the measurement and a, is the standard 
deviation. Further, it was assumed that the experimental PRBS was a stationary process 
(Godfrey 1980) with a gaussian first-order probability distribution; and the probability 
was calculated that z remains within E of E(z )  in 90% of all measurements (Crandall and 
Mark 1963): 

E = ~ 5 a ,  e r ~ ' ( 0 . 9 )  (35) 

(36) = E(z)l. 645/( Aw T )  '/'. 

For T = 166.3 ms and Am = 2~r(10-~-30 Hz), equation (36) yields E / E ( z )  = 1.6%. This 
result shows that, with 90% certainty that any isolated measurement would have an 
error of approximately 1.6%, our bandpass filtering effect at the pre-amplifier stage was 
small and, therefore, could not be the main cause for the peak time-delay discrepancy 
between experiment and theory. The oscillatory behaviour of the cross-correlation 
function at high chopper rotation frequencies shown in figure 8 is due to increased 
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Figure 18. CPAS peak magnitude against optical absorption coefficient for Ho20,: L, 
experiment; -A-, theory. 

wobbling of the chopper, since its centre of mass lies outside the rotation axis. In that 
case, a certain amount of energy is expected to be allotted to the periodic disturbance 
and will appear in the frequency spectrum of the chopper, as well as in the time domain 
of figure 8 as ‘leakage’ (Rota 1971). An effective way to greatly reduce the instrumental 
oscillations of figure 8 is to multiply the PRBS sequence F(t )  with the Hanning window, 
if CPAS is to be used at high chopper rotation frequencies. 

Within the optical absorption coefficient range of the investigated Ho203 absorption 
band, the relationship between p(A)  and the experimental and theoretical peak mag- 
nitudes of the CPAS signal was found to be linear, figure 18. The agreement in both 
absolute values of the cross-correlation functions and in slopes is very good. Figure 18 
shows that CPAS is a sensitive spectroscopic technique in the range of p values involved, 
and can be used quantitatively with the present theory to predict absolute values of p. 
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Figure 19. CPAS peak delay time variation with optical absorption coefficient for Ho203.  
+, experimental; -A-, theoretical. 
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The linear dependence of CPAS magnitude on p is due to the fact that for the /3 values 
employed, the photoacoustic signal is far from saturation and can be shown to be 
proportional to p (Rosencwaig and Gersho 1976). 

The CPAS peak time delay zo does not bear asimple relation to p, either experimentally 
or theoretically. In general to increases as /3 decreases. The variation of 70 with the 
natural logarithm of p for the experimental and theoretical results can be seen in 
figure 19. Time delays corresponding to high absorption coefficients tend to limiting 
(saturation) values, with no apparent saturation of the respective magnitudes. These 
features are interesting and require further study before CPAS peak time delays can 
be used as a spectroscopic tool. Uejima et a1 (1984) have also found in general a 
mathematically complicated dependence of the peak time delay of the CPAS signal on 
the geometrical and thermal parameters of the sample in their model of a black absorber 
with a thin transparent surface layer. 

7. Conclusions 

Correlation photoacoustic spectroscopy has been shown experimentally and theor- 
etically to be a photothermal technique sensitive to spectroscopic parameters in solids 
and capable of performing quantitative spectroscopic measurements. Our results indi- 
cate that for values of the optical absorption coefficient above approximately 0.5 cm-', 
the cross-correlation function peak magnitude is linearly related to p, while the peak 
time delay is related to p in  a more complicated fashion. The proposed one-dimensional 
theoretical model exhibits parametcr dependences in agreement with the experimental 
evidence, with certain absolute value discrepancies presumably due to instrumental 
factors which were not accounted for in the model. It appears that the poor SNR is a 
limiting factor toward the use of CPAS as a spectroscopic technique with transparent 
samples ( p  S 5 cm-'). Photoacoustic saturation is expected to be the main limitingfactor 
for /3 2 lo3 cm-', in agreement with conventional PAS theory. The promise of CPAS to 
yield high SNRS at high frequencies due to its impulse-response equivalence and its 
claimed SNR superiority to pulsed time-domain PAS (Kirkbright and Miller 1983) may 
conceivably extend the range of high ps accurately measurable by photoacoustic spec- 
troscopic techniques. The present work indicates, however, that the transducer fre- 
quency response is a major factor limiting this range when microphone-gas-coupled 
CPAS is employed. 
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