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FM time delay laser excitation has been implemented in a photothermal deflection spectrometric
apparatus with fast rise-time optics. The performance of the system was studied in both frequency
and time delay domains. The spectrometer was further used in the study of thin quartz layers on
an opaque substrate. In this work we have demonstrated the operation of the first frequency
modulated (FM) time delay photothermal deflection (mirage effect) spectrometer with a ns rise
time spectrally flat beam position detector unit. It was established by use of a blackbody reference
that the spectrometer is responsive to impulsive heat sources in the sample with no measureable
instrumental distortion of the frequency or time delay domain responses. The sensitivity of the
device was tested successfully in the measurement of thermal parameters of thin quartz layers on
absorbing backings. It was further shown that our spectrometer is sensitive to thin $iO, layers on
Siwafers. The data were largely consistent with Green’s function models of heat conduction in the

liquid interface and bulk. The ability of the spectrometer to perform high-quality frequency
response measurements via fast Fourier transformations of the input data in very short time
compared to the conventional lock-in detection is an extremely useful feature for thermal-wave

applications.

INTRODUCTION

In Part I of this work it was shown that the FM time delay
technique can be used to give photoacoustic or photothermal
wave signals mathematically equivalent to the impulse re-
sponse of a sample, provided that the autospectrum of the
input signal X(r) is uniform throughout the frequency range
of the experiment. This criterion can be achieved, in prac-
tice, if the total sweep time is long compared to the time
delayed response of the system. In order to take full advan-
tage of the simplicity of interpretation of the impulse re-
sponse signal, it is imperative to use a photothermal appara-
tus with a fiat frequency response from dc up to frequencies
well above the highest experimenta} frequency. In conven-
tional photoacoustic spectroscopy (PAS) microphone
transducers are used in the vicinity of the sample in order to
monitor the pressure increase due to thermal expansion in
the gas at the gas—sample interface, following light absorp-
tion and conversion of a fraction of the optical energy into
heat via nonradiative mechanisms.! Unfortunately, micro-
phones, albeit very sensitive transducers, have a rather nar-
row flat frequency response, typically in the range” between
20 Hz and 5-10 kHz. Excursions from microphone frequen-
cy response linearity have been shown to contribute addi-
tional time delays to the time-domain photoacoustic signal,?
and have been suspected as the main source of discrepancy
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between experimental data and theory in the optical absorp-
tion coefficient-dependent calculation of delay times in
cross-correlation photoacoustic spectroscopy (CPAS).*
Similar hard to interpret time delays in CPAS system char-
acterization have been reported by Sugitani et al.’

The conventional apparatus employed in photothermal
deflection (mirage effect) spectroscopic studies (PDS)
makes use of bicell or quadrant position sensors capable of
detecting minute deflections of probe laser beams due to
thermal modulation of the fluid refractive index near the
solid sample—fluid interface, following optical heating of the
sample surface.®’ Position sensors are typically® band limit-
ed between dc and 2 kHz and, therefore, they present prob-
lems similar to those encountered with PAS and CPAS. Pie-
zoelectric transducers are wide-band detectors, however,
mechanical resonances introduce undesirable nonlinearities
in the frequency response, which could distort the time delay
domain signal.’

In this work we present for the first time a FM time
delay domain photothermal deflection spectrometer based
on the theoretical principles of Part I, with a flat detector
frequency response between dc and tens of MEz. The perfor-
mance of the spectrometer was studied using a blackbody
reference sample in water, as well as thin quartz films of
variable thickness. The experimental results were further
compared with impulse-response generating models using
Green’s function formulations of the thermal wave problem.
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FIG. 1. FM time delay mirage effect spectrometer; 1: Nd&**:YAG pump
1aser; 2: cw 1.06-um beam,; 3: acousto-optic (A/Q) modulator; 4: alignment
lens; 5: water; 6: sample; 7: sample holder; 8: He—Ne probe laser; 9: 632.8-
nm probe beam; 10: focusing lens; 11: optical lever reflector mirror; 12, 13:
lenses; 14: 50-um-diam pinhole; 15: He—-Ne beam interference filter; 16: fast
rise-time photodiode; 17: wide bandwidth preamplifier; 18: dual channel
FFT analyzer; 19: synthesizer/function generator; 20: A/O modulator
driver; 21: A/O driver power amplifier; 22: A/O modulator power supply;
23: computer memory storage. See text for more details. X(¢) and Y(¢) are
identified with system functions using the same symbols as in Part I.

1. APPARATUS AND CHARACTERIZATION

Our time delay domain apparatus is shown in Fig. 1.
The heart of the system consists of a Hewlett—-Packard Mod-
el 3325A synthesizer/function generator (#19 in Fig. 1)
operating in the frequency sweep mode and driving an Iso-
met model 1201E acousto-optic (A/0O) modulator at 1.06
pm input wavelength from a 2-W Nd*>*:YAG pump laser.
The deflection of the transverse® probe He—Ne laser beam
focused above the sample surface was enhanced in the pres-
ence of water due to the higher refractive index gradient dn/
AT of the latter than that of air.'® The FM pump laser beam
was expanded over a large area of the sample surface com-
pared to the probe beam waist, in order to facilitate the theo-
retical interpretation of the data. The deflections of the
probe beam were converted 10 intensity variations using a
combination of lenses, a pinhole, and a photodiode as the
detector unit, Fig. 1. The infinitely flat frequency response of
the pinhole together with the fast rise time of the photodiode
(Silicon Detector Corporation, photovoitaic diode model
SD-100-12-12-021 with a 34-ns response time) provided an
ideally flat detector from dc up to ~ 30 MHz. The preampli-
fied signals were fed into the input channel B of a Nicolet
Scientific Corp. model 660A dual channel FFT analyzer.
The input channel A of this device was connected to the
linear frequency sweep generator. All the necessary frequen-
cy and time delay domain functions were calculated via the
FFT analyzer. The system input signal X(¢) was modula-
tion-depth optimized by adjusting the peak-to-peak voltage
applied to the A/O modulator to ~0.8 V. This signal was
available as a reference channel sync output of the HP
3325A synthesizer/function generator.

The characterization of the system consisted in showing
that its response to a single-frequency harmonic excitation
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F1G. 2. Experimental dependence of detector signal on modulation frequen-
cy. (a) Amplitude; (b) phase.

was consistent with the well-known behavior of convention-
al mirage effect systems®'’ employing band-limited beam
position detectors. For this purpose, a sinusoidal input vol-
tage was used to drive the A/O modulator and the PDS
signal from our detector unit was fed into an EG&G Prince-
ton applied research model 5204 lock-in analyzer. Figure 2
shows the modulation frequency dependence of the PDS am-
plitude and phase for a beam offset x,=<60 1zm. The sample
used was black anodized aluminum in water. The fast expo-
nential dropoff of the amplitude with frequency in Fig. 2(a)
is proportional to exp( — X/f./), as expected,®'! where u,

= (2a, /wy) 12 is the thermal diffusion length in the water
atw, and a, is the thermal diffusivity of water. The approxi-
mately linear dependence of the PDS phase on the logarithm
of frequency in Fig. 2(b) is also consistent with one-dimen-
sional theoretical considerations.!' Further measurements
on the dependence of the PDS signal on the Nd&**:YAG
input beam intensity were performed using neutral density
filters of variable transmittance. The results are shown in
Fig. 3. The signal amplitude, Fig. 3(a), is essentially linear
up to beam intensities of ~600 mW and exhibits the onset of
saturation at higher intensities. The signal phase, Fig. 3(b),
appears to be independent of input beam intensity. The lin-
ear response region of Fig. 3(a) and the flat phase are in
agreement with elementary theoretical considerations of the
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F16. 3. Experimental dependence of detector signal on pump laser intensity
at f=25Hz and x, =0.1 mm. (a) Amplitude; (b) phase.

physics of the PDS signal generation.®'" To explain the satu-
ration region of Fig. 3(a) the nature of the detector unit
must be invoked, namely the fact that the photodiode detects
the integrated probe beam light intensity over the area A of
the pinhole. Directly behind the pinhole of radius a the in-
tensity is

P(a)=J—ff |E(a)|%d4, (1
27 JJa

where E is the electric field vector of the transmitted probe
beam radiation and 7 is the free-space impedance. For a
Gaussian laser beam deflected by x, from its offset position
Xy due to the mirage effect, we can write

E*=E} exp[——Zrz(G)/W?,], (2)
where W, is the beam spotsize at the pinhole and, assuming a

circular aperture with the beam centroid at its center when
x, =0

(0) =a® + x2 —2ax, cos 0. 3
Using Eqs. (2) and (3) in (1) gives
EZ T r(8) 2
P(a) =-—°f def ey dy. 4)
2n Jo o

For small pinhole diameter to spotsize ratios, £Eq. (4) be-
comes

P(a) = (W}m/2)Py{l —exp| — 2(x2 +d*)/W(]}, (5)
where P, is the input intensity. In our experiments (a/
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W,) =0.25. The deflection x, can be calculated from the
paraxial ray equation'?

2
no-a—xa (z, 09) = — ?i—n(JC, @)

az
In Eq. (6), z and x are directions shown in Fig. 1, and
n(x, wy) is the refractive index in the water. Expanding
n(x, o,) in the Taylor form

on
n(x, ) = o + (-a?)r= L T706,00) 7

where T,(x, w,) is the fluid temperature profile, and using
Eq. (4), Ref. 13 for T, gives the probe beam deflection as a
function of distance z along the sample—fluid interface

(6)

x = x,(z, wg)

x,(z) = B cos[ (V2 Iywo/asny) 2™z ] , (8)
dn P

I = - 0 . 9

0 (aT)r= T, 4ak, ®

a,, k, are the thermal diffusivity and conductivity of the
sample, respectively, and B is a constant independent of P,
Notice that a constant (i.e., P, independent) term in the
solution of Eq. (6) was omitted from (9) for simplicity. A
combination of Eqgs. (5) and (8) shows that, as long as
X, €Wy, i.e., for

Iy (amg/V2wy)'?/z, P(a) <P,
as expected from the conventional theory. For higher inten-
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F1G. 4. Experimental dependence of detector signal on beam offset at 25 Hz
(-A-) and 140 Hz (-O-). (a) Amplitude; (b) phase.
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sities, however,
P(a) < Po{1 — exp[ — 2(a/W;)?]

Xexp[ — (B/W?3)cos(GPY*) 1}

and the output signal will exhibit saturation for values of P,
such that the second term in the brackets becomes compara-
ble to unity. The above considerations with z =1 cm and
wg = 2 X (25 Hz) give

P,<¢300 mW

as the condition for linearity in Fig. 3(a), consistent with the
data presented in that figure. The phase of the signal, Eq.
(8), is seen to remain constant in crossing the low P, to high
P, regime, in agreement with Fig. 3(b).

Finally, signal versus probe beam offset data are shown
in Fig. 4 for two modulation frequencies. The flatness of both
amplitude and phase curves for offsets below ~ 100 ym is
due to the partial screening of the beam by the sample. The
approximately linear behavior exhibited in Figs. 4(a) and
4(b) for x,2 100 um is in agreement with results obtained
by Murphy and Aamodt and predicted by the one-dimen-
sional theory."!

It was thus concluded that our fast detector unit was
capable of measuring the fundamental mirage effect physics
of the system without aliering the nature of the frequency-
domain signais to any measurable extent, with only slight
deviations from linearity due to the onset of saturation at
pump laser powers in excess of 0.6 W.

ii. FM TIME DELAY DOMAIN SIGNAL ANALYSIS

Following the characterization of our photothermal
beam deflection apparatus, a swept wave was generated in
the HP 3325A synthesizer from dc ( f; =0) to f; = 1280
Hz with T = 0.41 s, sweep rate S = 3.122 kHz/s, and ap-
plied to the A/O modulator. Little difference in the time
delay domain signals was observed between outputs generat-
ed using sinusoidal and square wave modulation, with the
latter exhibiting somewhat better coherence than the for-
mer. Therefore, for all subsequent experimentation swept
square waves were used as shown in Fig. 5. This, and all
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F16. 5. FM excitation swept square-wave function (a) and PDS response of
an anodized aluminum/water interface (b).
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subsequent time delay domain experiments were performed
with an Ithaco 1201 low noise pre-amp (#17 in Fig. 1) with
a bandwidth 10 Hz-300 kHz. The magnitude roll off of the
excitation signal at the long time end of the swept ramp is
due to the window shape which was superimposed on the
frequency domain structure of the swept wave. The window
function is used to diminish the importance of high-frequen-
cy components outside the useful sweep range A f, which
would tend to distort the output signal. In our experiments a
raised Hanning weighting function (i.e., cosine to the fourth
power window) ' was used over the frequency spectrum of
the PDS signals. Therefore, the responses obtained in the
time delay domain were, in fact, convolutions with the Four-
ier transform of the window.

The performance of the spectrometer was first assessed
on time delay domain responses obtained from PDS phe-
nomena at the anodized aluminum blackbody/water inter-
face. Figure 6 shows the impulse response 2(7) and the
cross-correlation R, (1) functions generated with a beam
offset of ~ 10 um, averaged over 1000 frequency sweeps with
1024 data points per sweep. The total amount of time re-
quired for each curve in Fig. 6 was approximately 6-7 min.
This time could easily be halved or less, as the quality of the
spectral functions remained essentially unaltered after 200-
300 averages were obtained. Both 4(r) and R,, () have
essentially the same peak delay time 7, and full-width at half-
maximum time 7ewn, With a somewhat longer delay time
of the minimum (negative) cross correlation 7, than the
impulse response 7., . This small discrepancy may be due to
the oscillatory nature of the cross-correlation function about
the zero level on either side of the peak.'®> Otherwise, the
curves of Figs. 6(a) and 6(b) are essentially identical. Fig-
ure 7 shows the autocorrelations of the input (a) and output
(b) signals corresponding to the data of Fig. 6. It can be
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F1G. 6. (a) Impulse response of anodized aluminum/water interface at
beam offset xo=50 um. Peak delay time 7, = 2.34 ms; Tpyim = 5.13 ms;
Teain = 23.44 ms. (b) Cross correlation of the same system. Peak delay time
To = 2.34 MS; Tpwy = 5.2 ms; 7, = 26.56 ms.
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observed from Fig. 7(a) that the input autocorrelation
R, (7) is extremely narrow on the time scale of the experi-
ment and can, therefore, be approximated by the Dirac delta
function

R (T)=b8(7). (10)
From Part I we can write
R, (T)=h(7)*8(7) = h(7) (11)

in agreement with Fig. 6. The impulse response of Fig. 6(a)
can be essentially understood in terms of thermal wave con-
duction from the blackbody surface into the water mass,
after excitation by a thermal pulse of infinitesimal duration
at time 7 = 0. In that case the spatial and temporal profile of
the temperature rise in the fluid is given by the Green’s func-
tion corresponding to the one-dimensional heat conduction
equation. The solution is'®

Ok, (as/a,)"?  exp( —x*/4a,T)
(ka}? + k, al’?) (rr)'?
where a plane instantaneous heat source of strength @ (J/
cm?) was assumed in the solid at its surface, the solid-liquid
interface, at x’ = 0. Using the paraxial ray Eq. (6) and a
time-delay domain Taylor expansion for the fluid refractive
index similar to Eq. (7), we can write the equation of motion
of the probe beam intensity centroid deflection (see Fig. 1)

d?x

Tf(x, T) =

,  (12)

a

(7,2) +--%—xa(r,z)exp[ —x2(7,2)/4a,7}] =0,
s

dz?
(13)
where
FE—I-Q(—Q'I—) ks .
2 OT/1=70 no(ma,a, )" *(kay? + k, al?)
(14)

Equation (13) is nonlinear and can be solved analytically
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only via a perturbation analysis'? in the delay time regime

E=Fxy/t¥*<1/x, , (15)
i.e., for
7> (Fx,x9)*?. (16)

For our experiments the time range suggested by Eq. (16) is
(Fx,x,)*'?~0 (10™*s), thus a perturbation expansion of
the form
xa(T,Z)= Z gka(T,Z) (17)
k=0
was assumed valid. Keeping terms up to first order in § only
yields

x,(r,2) =xL1 = (Fz¥/2r¥%)e %} - (18)
Equation (18) predicts a peak delay time
ro=x2/6a;. (19)

Using xo = 50 um and’ a, = 1.4X 107> cm?/s, one finds
7o = 2.97 ms in good agreement with the experimental 7o,
Fig. 6, in view of the uncertainty inherent in the determina-
tion of x, and the approximations involved in the derivation
of Eq. (19). (Note: experimentally 7, was printed out direct-
ly from the FFT analyzer. A cursor was moved over the
display in small steps to select the peak channel; this can be
done precisely because the display is derived from a large
number of channels. Figure 6 is a copy of the display.) In
fact, the experimental 7, can be used to calculate x, from Eq.
(19) more accurately than the positioning micrometers and
direct observation are capable of (x, = 44 um from the value
7, = 2.34 ms calculated from Fig. 6). Equation (18) can be
also used to compute the FWHM in Fig. 6

xa(TFWHM’z) =£xa (TO,Z) 4 (20)
It can be shown that

Trwam =X/ (4In 2)a,, Qn
Mirage effect spectrometer 626
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F1G. 8. Magnitude (a) and phase (b) of the complex transfer function
H( f) of the blackbody/water interface. Pre-amp bandwidth range 10 Hz~
300 kHz. Figure 2 is this figure’s counterpart using dispersive lock-in detec-
tion.

provided that 7o« (e~ */2Fz ?/2)?/%. Numerically, Eq. (21)
gives Trwim = 4.99 ms in good agreement with the experi-
mental 7gy gy in Fig. 6. The trough observed in the impulse
response and the cross-correlation function past the zero-
crossing delay time cannot be explained by heat diffusion
consideration alone. Jackson et al.® have observed a similar
negative response in a PDS pulsed laser experiment, in
which the absorbed optical pulse from a pulsed dye laser in
0.1% benzene in distilled CCl, acted as an instantaneous
heat source in the fluid. The trough has also been observed
by other workers photoacoustically.'”!® It has been ex-
plained theoretically in terms of a pressure wave rarefaction
following a strong compression in the fiuid due to a pulsed
heat source of short duration.'®

The system response obtained in Figs. 6 and 7 indicates
that our FM time delay mirage effect apparatus generates
the equivalent of a thermal impuise relaxation during the
delay times of the measurements. The signal profiles h(7)
and R, (7} are mathematically the one-dimensionai heat
diffusion Green’s functions of the blackbody/water system
with a fluid pressure wave superposed at 7»7,. Another im-
portant feature of our spectrometer is its ability to calculate
and piot on the screen of the FFT analyzer the magnitude
and phase of the complex transfer function of the system [ see
Part 1, Egs. (28)-(31)] in an amount of time equal to a
frequency sweep time T. The total experimental time re-
quired for such a display (Fig. 8) can be as low as 1 min,
corresponding to a minimum number of ~ 200 sweeps/aver-
age. This time is far shorter than the time required to obtain
the same information dispersively using lock-in detection,
Figs. 2(a) and 2(b). This characteristic is by no means

627 Rev. Scl. Instrum., Vol. 57, No. 4, April 1986

unique to FM time delay systems, but rather common to
random noise signals.?’ The superior dynamic range proper-
ties of this technique, however, when compared to other ran-
dom noise methods render it most reliable for fast frequency
response measurements on time scales desirable for thermal
mapping or depth profiling applications in environments re-
quiring fast turn-around, such as industrial laboratories.

194, THIN LAYER MEASUREMENTS

The spectrometer was further used to measure the re-
sponse from thin microscope quartz slide layers in direct
contact with the backing material (anodized aluminum sup-
port). The back side of the slides was painted with black
paint, which was allowed to dry out after contacting the
backing in order to avoid interfacial thermal resistances due
to air gaps, water seepage, etc. Such resistances could alter
the temporal profile features of the response.>! A single slide
cut in many pieces was used for these experiments, to assure
material uniformity. Each piece was etched in 50% HF:50%
H,O down to the desired thickness. Figure 9 shows a super-
position of the impulse responses for two different thick-
nesses, 30 um (curve a) and 100 gm (curve b). The cross-
correlation functions show similar features, i.e., an increased
peak delay time, a broadened FWHM, and an increased
trough time delay r,,,;,, with increasing thickness. In each
case data were taken at beam offset positions which maxi-
mized the PDS output at the detector.

The secondary oscillations on both wings of the main
pulse in Fig. 9 are consistent with thermal energy arrivals at
the sample surface after multiple reflections at the sample-
backing interface. The delay time Ar between two successive
peaks corresponds roughly to twice the thermal transit time
Toansic = 12/, through the bulk of the sample. Similar ef-
fects have been predicted theoretically by Burt®® in fluids
excited by pulsed lasers and have been observed experimen-
tally in liquids and solids by Tam et al.?>*

Figure 10 shows plots of 74, Tpwpm» and 7, for the
system impulse response as functions of glass layer thick-
ness. A theoretical model based on an extension of the solid-

Impulse Response, h{r)
{Arbitrary Units}

b
_—
04 03 02  -01 0 0i 02 03

Time Delay 7 (sec)

F1G. 9. Impulse response functions from quartz layers of thickness 30 u#m
(a) and 100 um (b). 7§ = 4.69 ms, 7 fue = 6.04 ms, 73, = 32.81 ms;
78 = 10.94 ms, T bwim = 28.6 ms, 72, = 42.97 ms.
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liquid interface heat conduction model of the previous sec-
tion was developed in the Appendix and used to interpret the
results of Fig. 10(a). No attempt was made at interpreting
Figs. 10(b) and 10(c) due to the fluid pressure fluctuation
phenomena which are likely'® to dominate them beyond the
peak delay time regimes, on Which Tpy and 7., depend
strongly. From Eq. (A13) the peak delay time can be writ-
ten

Toll) = (L§/6a,) (1 + (ay/ay) 21 /L) 12, (22)
For geometries such that

(ay/a)ViL,, (23)
Eq. (22) gives the approximate expression
To(D)=[1 4 2(ay/a,) V2 /L)1 . (24)

In our experiments, assuming the validity of Eq. (23), a

628 Rev. Scl. Instrum,, Vol. 57, No. 4, April 1986

Imputse Response, h(T)
(Arbitrary Units)

04 03 02  -01 0 0.1 02 03 0.4
Time Delay 7 {(sec)

Fi1G. 11. Impulse responses from (a) Si and (b) Si0,/Si. 7§ = 4.3 ms;
T iwam = 1042 ms; 75, =37.5 ms; 75 = 3.12 ms; 7 hywuy = 7.64 ms;
7 b = 31.64 ms. Traces (2) and (b) are the averages of 1000 responses.

linear dependence of 7, on / would be predicted. From a
least-squares fit of Fig. 10(a) to a straight line, the intercept
75(0) gives Ly, = 44.3 um and the slope

dry () —A— L,

=A=—1"9 25
al 3(a,a,)'’? (23)

can be used to calculate o,
a, = (1/a;)(Ly/3A)*=4X 1072 cm?/s (26)

in good agreement with the published value' of 4.4 <1073
cm?/s for the thermal diffusivity of quartz. Using the experi-
mental values for a, and L, a check on Eq. (23) shows that
this condition is approximately satisfied for sample thick-
nesses smaller than 100 zm, which is thus consistent with the
observed linear dependence of 7, on L

Further tests of the sensitivity of our apparatus were
performed on a silicon wafer of ~ 300-m thickness. Half of
the wafer had a 1-um field SiO, grown. Figure 11 shows the
impulse responses obtained from both sides of the Si/SiO,
interface. Trace (a) is broader than trace (b) and corre-
sponds to the crystalline Si response. The sensitivity of the
spectrometer is thus shown to be high enough to resolve the
1-um SiO, layer. Qualitatively, the SiO, layer absorbs more
efficiently the 1.06-um incident radiation than the essential-
ly transparent crystalline Si layer. Therefore, the SiO,/Si
system is expected to generate the equivalent of a pulsed
thermal source closer to the surface than the Si wafer. The
thermal pulse released to the overlying water medium from
the SiO,/Si structure will thus be narrower and will peak
earlier than that from Si, in agreement with Fig. 11.

APPENDIX: THERMAL IMPULSE MIRAGE EFFECT
RESPONSE OF A COMPOSITE SYSTEM (TWO
SOLIDS)

The systemn geometry is shown in Fig. Al. To obtain a
Green’s function representation for the heat conduction
problem in the transparent sample (2) following an instan-
taneous thermal impulsive excitation of unit strength at
x = x' at 7 = 0 in the blackbody backing (1), the tempera-
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Pump
Radiation

Probe laser beam

- water

—x}

FI1G. Al. One-dimensional geometry of Green’s function treatment of the
PDS problem in the time delay domain. (1) Blackbody backing; (2) thin
transparent quartz layer; (3) water.

ture in region (1) can be written'®

Tyx,7)=u(x,7) +wx7), (Al)
where

uy(x, 7) = (1/2magr)e” ==X (A2)
and

W, (x,5) =Ade” ", x>0. (A3)

Barred quantities indicate Laplace transforms, s is the La-
place domain variable, and g,==(s/a;)"/%. 4 is a constant to
be determined from boundary conditions. Thus, in region
(1)

Ty (x,5) = (12a,g)e " " 4 4e ™9, x50. (A4)
Similarly, in region (2) we can write

T, =W,(x,s) = Be™ + Ce™ 7, I<x<0 (AS)
and in region (3)

T, =W,(x,s) =De"**"; x< —1. (A6)

Equations (A4)-(A6) can be solved simultaneously, sub-
ject to boundary conditions of temperature and heat flux
continuity at each interface x = 0and x = — /, and the con-
stants 4, B, C, D can be uniquely determined. Experimental-
ly, we are only interested in the expression for the constant
D, as it is within region (3) that the PDS signal is generated.
For our experimental situation of a heat source creation at
the surface of the blackbody backing material due to absorp-
tion of the incident Nd**:YAG laser power, we can set
x'=01in Eq. (A4). After some algebraic manipulation the
expression for the Laplace transform of the temperature in
the fluid region (3) is

7"3(x, S)
2beq;(x+l)
alQ]((b + D(g+ l)eqzl— (b—1)(g — 1)8—421] ’
(A7)
where
b=k,ay*/k,a” (A8)
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and
g=ka)*/kal?. (A9)
Assuming material properties such that
kial =k,
i.e, b=1, Eq. (A7) can be simplified considerably
2k ky(@yay) 2~ BTG
(a,5) 1/2(k1a£/2 + kzailz) (k3a2‘/2 + k2a3"2) ’
(A1l

The Laplace transform (A11) can be inverted directly'® to
yield

(A10)

73(x) S) =

2Kk ko (asa,/a,) 2
(kyay” + kpa}?) (ksey? + kpay®)

o Xt = ((@y/ay) Pl + [x + 1{]*/4ayr}
()2 '

T3(x! T) -

(A12)

Equation (A12) is similar in form to Eq. (12) and, there-
fore, when subjected to the paraxial ray approximation per-
turbation analysis which follows Eq. (12) it predicts the fol-
lowing peak delay time for the system of Fig. Al:

7o = [(as/a,)""* + L,)*/6a, (A13)
where
Ly=—-x-1, (A14)

i.e., the sample (2) surface lies at L, = 0 and, thus, L, is the
beam offset above the sample surface.
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