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Quantitative one-dimensional thermal-wave cavity measurements
of fluid thermophysical properties through equivalence studies
with three-dimensional geometries
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The thermal-wave field in a photopyroelectric thermal-wave cavity was calculated with two
theoretical approaches: a computationally straightforward, conventional, one-dimensional approach
and a three-dimensional experimentally more realistic approach. The calculations show that the
dimensionality of the thermal-wave field in the cavity depends on the lateral heat transfer boundary
conditions and the relation between the beam size of the laser impinging on the thermal-wave
generating metallic film and the diameter of the film itself. The theoretical calculations and the
experimental data on the photopyroelectric signal in the cavity were compared. The study resulted
in identifying ranges of heat transfer rates, beam sizes, and cavity radii for which accurate
quantitative measurements of the thermal diffusivity of intracavity fluids can be made within the far
simpler, but only approximate, one-dimensional approach conventionally adopted by users of
thermal-wave cavities. It was shown that the major parameters affecting the dimensionality of
thermal-wave cavities are the laser beam spot size and the Biot number of the medium comprising
the sidewalls of the �cylindrical� cavity. © 2006 American Institute of Physics.

�DOI: 10.1063/1.2212946�
I. INTRODUCTION

In recent years, photothermal techniques have been es-
tablished as a powerful tool for the thermophysical charac-
terization of materials. The common working principle of
conventional photothermal techniques is based on the study
of the periodic temperature distribution, i.e., thermal wave,
produced in a given sample as a result of heating due to an
intensity modulated pump laser source. The thermal wave
inside a sample diffuses over a characteristic distance �ther-
mal diffusion length1� depending on the modulation fre-
quency and the thermal diffusivity of the sample. The result-
ing temperature distribution can be detected by various
photothermal methods, most of which usually apply optical
characterization, photothermal radiometry, or photopyroelec-
tric detection.2 The latter method can be applied to the high-
resolution thermophysical characterization of solid,3

liquid,4–8 and gaseous9–11 samples. In this case, a pyroelec-
tric sensor �polyvinilidene fluoride �PVDF� films3–5 or crys-
tal disks of LiTaO3 �Refs. 6 and 7�� attached to the sample is
used as a detector of temperature oscillations. The first ex-
perimental device for the measurement in gaseous or liquid
media, called thermal-wave resonator cavity �TWRC�, was
introduced in 1995.9 In its original design, the cavity con-
sisted of two walls: a very thin aluminum film exposed to a
modulated laser beam, acting as a thermal-wave generator,
and a pyroelectric film placed parallel to the thermal-source
surface at a fixed distance, generating an electrical signal
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proportional to the detected temperature oscillations trans-
mitted through the intracavity air gap. Since the introduction
of TWRC, its various modifications have been increasingly
used for accurate and precise thermophysical measurements.
In addition to the original TWRC configuration, there are
several modifications of the thermal-wave cavity reported in
the literature, such as the reverse thermal-wave cavity
configuration6,7 and the interferometric thermal-wave
cavity.11 These experimental devices allowed measurements
of thermal properties of gases and vapors,9–11 water, alcohols
and their mixtures,4–7 oils, and food products.8 It is possible
to measure thermal properties of the intracavity media by
analyzing the dependence of the measured photothermal sig-
nal on the modulation frequency4,7,8 or the distance between
the walls �cavity length�.5,6,9,10 Using conduction or conduc-
tion and radiation heat transfer, theoretical expressions for
the fitting of thermal properties can be developed. These ex-
pressions are usually based on general photopyroelectric de-
tection theory12 and have a variety of modifications depend-
ing on the cavity configuration applied in the experiments.
Almost always, the theoretical treatments adopt relatively
simple one-dimensional thermal-wave field approaches.3–13

There are configurations, however, where the actual distribu-
tion of the thermal-wave source and the TWRC length re-
quire a three-dimensional approach. To our best knowledge,
there has been no attempt to develop three-dimensional the-
oretical models for the thermal wave field analysis in cavi-
ties. Without the comparison with the three-dimensional ap-
proach, the one-dimensional simplification may become
unjustified, especially in cases of narrow laser beams and

cavity lengths large compared with the thermal diffusion
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length. The main goal of the present study is to develop a
three-dimensional theoretical model for the temperature field
of the conventional thermal-wave cavity configuration ap-
plied in our recent studies4,13 and its comparison to signals
obtained using one-dimensional theory. Besides the intrinsic
value of this comparison for precise TWRC thermophysical
measurements, the present study can be very useful for de-
termining conditions under which the considerably simpler
one-dimensional �1D� theoretical models of intracavity
thermal-wave fields can be safely used for these measure-
ments.

II. THERMAL-WAVE CAVITY CONFIGURATION

A typical experimental TWRC setup4,13 for liquids �Fig.
1� consists of the measurement cell, a diode laser �Coherent,
�=809.6 nm�, a laser controller �Coherent, model 6060�, and
a lock-in amplifier �Stanford Research Systems SR830�.

The design of the measurement cell involves fixed di-
mensions of the cavity length for obtaining reproducible

measurements with various types of liquid solutions. The
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laser beam was incident on the 106-�m-thick aluminum film
which converted the modulated optical intensity to thermal
waves propagating through the liquid sample. The intensity
of the laser radiation was modulated using the internal oscil-
lator of the lock-in amplifier. A pyroelectric film �Measure-
ment Specialties, Inc., 52 �m-thick Ni–Al PVDF film� de-
tected the temperature oscillations and produced the output
signal measured by the lock-in amplifier.

III. ONE-DIMENSIONAL THEORETICAL APPROACH

The three-dimensional �3D� structure of the thermal-
wave cavity is shown in Fig. 2�a�. It includes four adjacent
layers of symmetrical cylindrical geometry. The three-
dimensional Gaussian laser beam of spot size W impinges on
the aluminum film. The thermal-wave cavity scheme applied
in one-dimensional theoretical analysis4,13 is presented in
Fig. 2�b�. The cavity consists of four layers: aluminum film
�Ls=0.106 mm�, water �or other liquid� layer �Lw=0.6 mm�,

FIG. 1. Experimental setup: �a� schematic cross sec-
tion; �b� actual sensor.
pyroelectric film, PVDF, �Lp=0.052 mm�, and aluminum
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backing support �Lt=5 mm�. The thermal-wave equation for
each layer of the system �Fig. 2� in the absence of a heat
source can be written as

d2

dx2Tn�x,�� − �n
2Tn�x,�� = 0,

�n = �1 + i���f/�n, �1�

where the parameter �n is the complex thermal-wave diffu-
sion coefficient,1 which includes the thermal diffusivity �n of
the nth layer. The detailed solution of Eq. �1� with appropri-
ate boundary conditions for the cavity filled with a liquid
sample is derived in our previous study.4 In the developed
one-dimensional four-layer theoretical model,4 conduction
and radiation heat transfer inside the cavity �liquid layer�
were considered. However, in order to simplify the task of
the present work, we will only consider the low-frequency
range of frequency scans �Fig. 3�, where the radiation com-
ponent is negligible compared with conduction4 and the

FIG. 2. Measurement cell: �a� Geometry of a cylindrical thermal-wave reso-
nant cavity of finite radius irradiated by a Gaussian laser beam of spot size
W; �b� one-dimensional scheme of the cavity.
three-dimensional character of the intracavity thermal-wave

Downloaded 18 Jul 2008 to 128.100.49.17. Redistribution subject to 
field is most likely to manifest itself. The purely conductive
frequency range for water-filled TWRC extends up to
4–5 Hz, as deduced from Figs. 3�a� and 3�b�. Gas-filled
cavities have not exhibited measurable radiation heat
transfer.4

Taking into account the relation between the modulated
temperature of the PVDF film and the measured signal:3

V��� = S���
1

Lp
�

Lp

Tp�x,��dx , �2�

where S��� is an instrumental transfer function factor, the
simplified �conduction only� expression for the PVDF signal4

FIG. 3. Experimental and theoretical curves vs the square root of modula-
tion frequency at the cavity length L=0.6 mm using water as sample: �a�
amplitude; �b� phase.
thus becomes
V��� =
S����4I0/kp�p

2�e−Ls�se−Lw�w�1 − e−Lp�p��Ytp + Xtpe−Lp�p�
bwpPtpQsw + QtpPsw

, �3�
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where I0 is the laser intensity, � j was determined in Eq. �1�,
and

bij =
ki�i

kj� j
,

Xij = �1 − bij� + �1 + bij�e−2Li�i,

Yij = �1 + bij� + �1 − bij�e−2Li�i,

Pij = �Yij + Xije
−2Lj�j� ,

Qij = �Yij − Xije
−2Lj�j� . �4�

The instrumental factor S��� can be experimentally normal-
ized out4,13 by taking the ratio of the cavity signal to the
photopyroelectric signal produced by direct laser light inci-
dent on the PVDF sensor. The thermal diffusivity of liquids
was obtained by fitting the theory to the ratio of the experi-

FIG. 4. Three-dimensional circular thermal-wave cavity wall impinged by a
modulated Gaussian laser beam.
FIG. 5. Laser beam profile, W=3.7 mm.
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mental data of the measured PVDF signals versus modula-
tion frequency for these two configurations.

IV. THREE-DIMENSIONAL MODEL

To verify the limits of validity of the one-dimensional
approach in the practical case of a Gaussian laser beam pro-
file, the one-dimensional and surface-area averaged three-
dimensional temperature profiles were calculated and com-
pared �conduction heat transfer only� with the experimental
data. In order to simplify the solution of the three-
dimensional problem, the four-layer system was solved layer
by layer. Figure 4 describes a periodically modulated laser
beam incident on a circular aluminum film bounded by air
and water layers.

The laser beam is incident on the front surface of the
film comprising the upper cavity wall. The beam profile for
the semiconductor diode laser applied in the study �the beam
radius is 3.7 mm� and its Gaussian fit are shown in Fig. 5.

FIG. 6. 3D-temperature distribution in the aluminum film, with ks

=28 W m−1 K−1, �s=8.7�10−5 m2 s−1, ka=2.62�10−2W m−1 K−1, �a

=2.18�10−5 m2 s−1, kw=0.603 W m−1 K−1, �w=1.43�10−7 m2 s−1, Ls

=0.106 mm, R=7 mm, W=3.7 mm, Bi=0, and f =3 Hz: �a� amplitude, �b�
phase.
The relatively poor fit of the actual beam profile into a
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Gaussian can be explained by the fact that semiconductor
diode lasers usually do not exhibit ideal TEM00 Gaussian
profiles.

The 3D thermal-wave distribution in an opaque sample
is described by the thermal diffusion equation

�2T

�r2 +
1

r

�T

�r
+

�2T

�z2 =
1

�

�T

�t
−

1

2k
I�r��1 + exp�i�t�� ,

T = T�r,z;�� , �5�

subject to the following boundary conditions:

− ks
�T

�z
�r,0,�� =

1

2
I�r��1 + exp�i�t�� − ka

�T

�z
�r,0,�� ,

− ks
�T

�z
�r,L,�� = − kw

�T

�z
�r,L,�� ,

− ks
�T

�r
�R,z,�� = hT�R,z,�� , �6�

where I�r�= I0 exp�−r2 /W2�. Here, � and k are the thermal
diffusivity and the thermal conductivity, respectively, of the
cylindrical sample. h is the heat transfer coefficient of the
circumferential boundary of the cylindrical sample. The sub-
scripts a, s, and w stand for air, aluminum film, and water,
respectively. The solution can be conveniently obtained us-
ing a Green function approach. The 3D Green function equa-
tion for an isotropic material and source is �Ref. 1, Eq. �5.3��

1

r

�

�r
�r

�

�r
G�r,z�r0,z0;��	 +

�2

�z2G�r,z�r0,z0;��

− �2G�r,z�r0,z0;�� = −
1

2��r
��r − r0���z − z0� , �7�

where the time dependence �1/2��1+ei�t� is implied on both
sides of the equation. The extension of the radial field is
finite, so separation of variables gives

G�r,z�r0,z0;�� = F�r�Z�z� ,

�

�r

r

�F

�r
� + �2rF = 0,

�2Z

�z2 − 	2Z = 0, 	2 = �2 + �2. �8�

The general r-dependent solution bounded at r=0 is

F�r� = AJ0��r� , �9�

where A and � are constants to be determined and J0 is the
Bessel function of the first kind of order zero. Homogeneous
boundary conditions of the third kind applied to the
r-dependent equation yield

− ks
�

�r
J0���r��r=R = ks�J1��R� = hJ0��R� , �10�
leading to the following eigenvalue equation:
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�nJ1��n� − 
hR

ks
�J0��n� = 0, �n = �R . �11�

In this work, the roots �n were used as tabulated in the
literature.14

Finally, Eq. �9� becomes

Fn�r� = AnJ0
�n
r

R
� . �12�

Now the Green function can be written in the following
form:

G
�r,z�r0;�� = �
n=1

�

J0
�n
r

R
��an exp�− 	nz�

+ bn exp�	nz��, 0 � z � z0,

G�r,z�r0;�� = �
n=1

�

J0
�n
r

R
��cn exp�− 	nz�

+ dn exp�	nz��, z0 � z � L . �13�

The continuity of the Green function and discontinuity of the
derivative at z=z0 �z0 is location of the thermal harmonic
impulse� gives

�

�z
G��r,z�r0;���z=z0+� −

�

�z
G
��r,z�r0;���z=z0−�

=
��r − r0�

2��r
, �14�

G�r,z0 + ��r0;�� = G
�r,z0 − ��r0;�� . �15�

Owing to the third-kind boundary conditions at r=R, the
Dirac delta function must be expanded as �Ref. 1, Eq. �5.74��

��r − r0�
r

=
2

R2 �
n=1

�
J0��n�r/R��J0��n�r0/R��

J0
2��n� + J1

2��n�
. �16�

The boundary conditions at z=0, L are

ks �G�r,z�r0;��
�z


z=0

= ka �G�r,z�r0;��
�z


z=0

,

ks �G�r,z�r0;��
�z


z=L

= kw �G�r,z�r0;��
�z


z=L

. �17�
Finally, the Green function becomes
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G�r,z�r0;�� =
1

2��R2�
n=1

�
J0��n�r/R��J0��n�r0/R��

	n�J0
2��n� + J1

2��n��

� �exp�− 	n�z − z0�� + �as�sw exp�− 	n�2L − �z − z0��� + �as exp�− 	n�z + z0�� + �sw exp�− 	n�2L − �z + z0��� , 0 � z � z0

exp�− 	n�z0 − z�� + �as�sw exp�− 	n�2L − �z0 − z��� + �as exp�− 	n�z + z0�� + �sw exp�− 	n�2L − �z + z0��� , z0 � z � L .
�

�18�
The field equation in the presence of the planar Gaussian
source is

T�r,z;�� =
2��

ks
�

0

R

r0dr0�
0

L

Q�r0;��G�r,z�r0,z0;��dz0,

Q�r0;�� =
1

2
I0 exp
−

r0
2

W2��1 + exp�i�t�� . �19�
Using the following definitions:

n=1 n n 0 n sw
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	n
2 =

�n
2

R2 + i
�

�
, bij =

ki	i

kj	 j
, �ij =

1 − bij

1 + bij
,

Fn�R,W� = �
0

R

exp
−
r0

2

W2�J0
�n
r0

R
�r0dr0, �20�
the temperature field expression can be written as
Ts�r,z;�� =
I0

2ksR
2 �

n=1

�
J0��n�r/R��Fn�R,W��1 + �as��exp�− 	nz� + �sw exp�− 	n�2Ls − z���

	n�1 + �Bi/�n�2�J0
2��n��1 − �as�sw exp�− 2	nLs��

, �21�
where Bi=hR /ks is the Biot number. The integral Fn in the
numerator has an analytical solution, however, in this work it
was calculated numerically.

An estimate of the heat transfer coefficient equivalent
between the aluminum film and the silicone sealant sur-
rounding the film on the circumferential surface was per-
formed according to Ref. 1, Lemma 2.1. This lemma states
that in order to transform third-kind boundary conditions to
the equivalent second-kind �adiabatic� boundary conditions
in thermal-wave fields, the heat transfer coefficient h should
be replaced by the product kj� j, where j is the spatial region
surrounding the heated material. This lemma can be used to
considerably reduce the complexity of the coupled-layer
thermal-wave field through the elimination of thermal cou-
pling loss and its replacement by an equivalent heat loss
factor. Estimates show that for the thermal effusivity of
silicone15 equal to 1.4 W m−2 K−1 s1/2, the heat transfer coef-
ficient equivalent, h, at 3 Hz equals 4.3 W m−2 K−1, and the
corresponding Biot number equals Bi=0.001�0. The calcu-
lation of the thermal-wave profile at the air �z=0� and water
�z=Ls� boundaries of the aluminum film as a function of
radial position r �Eq. �21�� for adiabatic boundary conditions
at the circumference is presented in Fig. 6.
Due to the high conductivity and very small thickness of
the aluminum film, the phase lag changes only slightly be-
tween z=0, where the laser beam impinges on the surface
�air boundary�, and z=Ls �fluid/gas boundary of the film�, so
laser beam generated radial thermal-wave profile can be con-
sidered as approximately the same at both surfaces of the
aluminum film with a small reduction in the amplitude. This
assumption is important in order to apply the theoretical ap-
proach to the fluid layer in contact with the aluminum film.
The presence of a thin metallic cavity wall renders any int-
racavity fluid a “pseudo-opaque” layer, i.e., a layer that has
fluid �here water� thermophysical properties but infinite �sur-
face� absorption coefficient. In this case, all light is absorbed
and heat is generated right at the surface of the aluminum-
water interface. Hence, the mathematical description of the
temperature distribution in the water layer can be the same as
derived for the aluminum layer �Eq. �21�� with the only
change being that the boundary conditions must include
water-aluminum and water-PVDF interfaces, instead of
aluminum-air and aluminum-water interfaces considered for
the aluminum film of Fig. 4. The resulting thermal-wave
field in the intracavity region becomes
Tw�r,z;�� =
I0

2kwR2 �
�

J0��n�r/R��Fn�R,W��1 + �sw��exp�− 	nz� + �wp exp�− 	n�2Lw − z���
	 �1 + �Bi/� �2�J2�� ��1 − � � exp�− 2	 L ��

, �22�

wp n w
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where Bi=hR /kw.
The estimate of the heat transfer coefficient equivalent in

the sense of Lemma 2.1 �Ref. 1� between water and black
rubber ring surrounding the thermal-wave cavity on the cir-
cumferential surface of the water layer shows that for ther-
mal effusivity of black rubber16 equal to 1.2
�103 W m−2 K−1 s1/2, the Biot number equals Bi=33. Fi-
nally, the temperature profile at the water-PVDF interface,
z=Lw, can be averaged over the surface as

Tav�Lw,�� =

2��
0

R

Tw�r,Lw;��rdr

�R2 . �23�

Here R=0.7 cm is the radius of the cavity cell and
Tw�r ,Lw ;�� is calculated from Eq. �22�. Then, for thermally
thick pyroelectric elements, the signal averaged over the
PVDF film thickness can be obtained according to the expo-

FIG. 7. Frequency dependence of the averaged signal calculated according
to the 3D model �Eq. �24��, W=3.7 mm, and simplified 1D model �Eq.
�26��: �a� amplitude, �b� phase.
nential decay law:
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V3D =
1

Lp
�

0

Lp

Tav�Lw,��exp�− �pz�dz , �24�

where Lp is the thickness of the PVDF film. In this manner,
the experimentally measured signal, which is actually the
averaged output of the pyroelectric sensor �i.e., PVDF film�,
can be compared with the �3D� theoretical calculations.

V. 1D AND 3D MODEL COMPARISONS AND
EXPERIMENT

To compare the calculated 3D profile �Eq. �24�� with the
1D four-layer model �Eq. �3��, the 1D calculations were per-
formed for simplified conditions similar to those used in the
3D formalism, namely, Ls=0, Lp→�, and Lt=0 �Fig. 2�b��.
The 1D equation �3� then reduces to

V1D��� =
S����4I0/kp�p

2�e−Lw�wYtp

bwpPtpQsw + QtpPsw
, �25�

FIG. 8. Zoomed-in frequency dependence of the averaged signal calculated
according to the 3D model �Eq. �24��, W=3.7 mm, and simplified 1D model
�Eq. �26�� of Fig. 7 in the frequency range of 1–4 Hz: �a� amplitude, �b�
phase.
and, using Eq. �4�, it further reduces to
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V1D��� =
S����2I0/kp�p

2�e−Lw�w

�1 + bwp��1 + �wpe−2Lw�w�
. �26�

The instrumental transfer function S��� was found using the
experimental data and the 1D four-layer model �Eq. �3��.

The comparison revealed the influence of two main pa-
rameters which can cause the three dimensionality of the
problem, namely, W and Bi. The results of simulations are
presented in Figs. 7 and 8–9. Figures 7 and 8 show the fre-
quency dependence of the three-dimensional profile �Eq.
�24�� at the water-PVDF interface averaged over the PVDF
thickness for several Biot numbers and W=3.7 mm. It is
seen that three-dimensional effects should be taken into ac-
count for Biot numbers up to 100 when the frequency is less
than 2–3 Hz. In our study, the frequency range involved in
the fitting of thermal diffusivity values was usually 2–12 Hz.
According to these calculations, the temperature field in this
range is not affected by the circumferential heat transfer for
Biot numbers less than 100. As was mentioned above, the
Biot number for our experimental conditions is Bi=33, so
one can assume Bi=0 to further simplify the analysis. The

FIG. 9. Frequency dependence of the averaged signal calculated according
to 3D model �Eq. �24�� and simplified 1D model �Eq. �26�� with various
beam sizes and Bi=0: �a� amplitude; �b� phase.
influence of the beam size on the dimensionality of the prob-
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lem is demonstrated in Fig. 9. This figure shows no phase
dependence on the beam size for the conditions of the ex-
periment throughout the scanned frequency range, while the
amplitude obviously grows with intensity I0 held constant
due to the increased laser beam size and the subsequent op-
tical power delivery to the aluminum overlayer, in agreement
with the exponential dependence of the function Fn on beam
size W �Eq. �20��. However, this dependence does not influ-
ence the dimensionality of the field as witnessed by the con-
stancy of amplitude slopes and phase values.

The signal amplitude and phase calculated according to
the simplified 1D �Eq. �26�� and 3D �Eq. �24�� models are
presented in Fig. 10 and compared with the experimental
data for pure water. The results clearly justify the one dimen-
sionality of the problem for the conditions of the study.

In conclusion, the one dimensionality of the TWRC field
cannot be justified a priori. This study has shown that, in
order to use one-dimensional TWRC theory for thermal
property fits, one must ensure that the influence on the
thermal-wave distribution of lateral �radial� heat transfer

FIG. 10. Comparison of the simplified 1D and 3D theoretical frequency
dependencies to the experimental data: �a� amplitude, �b� phase.
through the cavity boundaries is appropriately estimated, and
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the beam size of the laser light used in the experiments is
large enough, in order to keep the thermal-wave field within
the one-dimensional formalism, thus greatly simplifying and
strengthening the quantitative importance of TWRCs as ther-
mophysical property sensor device.
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